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Abstract
We establish the following Hadamard–Stoker-type theorem: Let f ∶ Mn

→ H
n ×ℝ 

be a complete connected hypersurface with positive definite second fundamental form, 
where  H n is a Hadamard manifold. If the height function of f has a critical point, then it 
is an embedding and M is homeomorphic to �n or ℝn. Furthermore,  f(M)  bounds a convex 
set in  H n ×ℝ.  In addition, it is shown that, except for the assumption on convexity, this 
result is valid for hypersurfaces in  𝕊n ×ℝ  as well. We apply these theorems to show that 
a compact connected hypersurface in  ℚn

�
×ℝ  ( � = ±1 ) is a rotational sphere, provided it 

has either constant mean curvature and positive-definite second fundamental form or con-
stant sectional curvature greater than (� + 1)∕2. We also prove that, for  M̄ = H

n
or �n,   

any connected proper hypersurface   f ∶ Mn
→ M̄n ×ℝ  with positive semi-definite second 

fundamental form and height function with no critical points is embedded and isometric 
to  Σn−1 ×ℝ,   where  Σn−1 ⊂ M̄n   is convex and homeomorphic to  �n−1   (for  M̄n = H

n   
we assume further that  f  is cylindrically bounded). Analogous theorems for hypersurfaces 
in warped product spaces  ℝ ×� H

n  and  ℝ ×� 𝕊
n  are obtained. In all of these results, the 

manifold  Mn is assumed to have dimension  n ≥ 3.
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1 Introduction

In what concerns embeddedness and convexity of surfaces in Euclidean space, one of the 
most fundamental results is the so-called Hadamard–Stoker Theorem. It states that a com-
plete and positively curved surface  S  immersed in Euclidean space is embedded, bounds 
an open convex set, and is homeomorphic to a sphere or a plane. Hadamard [17] proved it, 
partially, assuming  S   compact. Subsequently, Stoker [33] established the complete case 
and showed that  S,   if noncompact, is a graph over a planar domain.
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In this context, another classical result is the celebrated Cohn-Vossen Rigidity Theo-
rem, according to which a compact surface of positive curvature in Euclidean space is 
rigid, that is, unique up to Euclidean rigid motions. More generally, an isometric immer-
sion   f ∶ Mn

→ M̄n+p  is called rigid if, for any other isometric immersion  g ∶ Mn
→ M̄n+p,  

there is an ambient isometry  Φ ∶ M̄ → M̄  such that  g = Φ◦f .  If so,  f  and  g  are said to 
be congruent.

In  [30, 31], Sacksteder extended both the Hadamard–Stoker Theorem and the Cohn-
Vossen Rigidity Theorem to nonflat hypersurfaces   f ∶ Mn

→ ℝn+1  with nonnegative sec-
tional curvature. Motivated by these results, do Carmo and Warner [13] considered hyper-
surfaces in spherical and hyperbolic space forms, obtaining then the following theorem.

Theorem (do Carmo –Warner  [13]) Let f ∶ Mn
→ �n+1 ( n ≥ 2 ) be a nontotally geodesic 

hypersurface, where M is a compact, connected, and orientable Riemannian manifold with 
sectional curvature K ≥ 1. Then, the following hold:

(a) f is an embedding, and M is homeomorphic to  �n.

(b) f(M) bounds a closed convex set contained in an open hemisphere of  �n+1.

(c) f is rigid.

Moreover, the assertion (a) and the convexity property in (b) still hold if one replaces the 
sphere �n+1 by the hyperbolic space  ℍn+1, and assume that  K ≥ −1.

We add that the rigidity of compact hypersurfaces   f ∶ Mn
→ ℍn+1  with sectional cur-

vature  K ≥ −1  was conjectured by do Carmo and Warner and settled affirmatively by the 
author and de Andrade in [11].

The conditions on the sectional curvature  K  of  M  in each case of do Carmo –Warner 
Theorem, spherical and hyperbolic, can be unified by stating that the second fundamental 
form of the hypersurface is semi-definite, that is, its extrinsic curvature is nonnegative (see 
Sect. 2.1). Under the stronger condition of positive semi-definiteness of the second funda-
mental form (see [13, Remark 2.4-(b)]), and relying on a result by Bishop [4], S. Alexan-
der established the following Hadamard–Stoker-type theorem for compact hypersurfaces in 
Hadamard manifolds.

Theorem (Alexander  [3]) Let f ∶ Mn
→ H

n+1 ( n ≥ 2 ) be a compact, connected, and 
oriented hypersurface in a Hadamard manifold  H n+1

.   If the second fundamental form 
of  f is positive semi-definite, then f is an embedding, M is homeomorphic to �n, and f(M) 
bounds an open convex set in H n+1

.

Recently, some authors (see, for example,  [14–16, 25]) have extended the Had-
amard–Stoker Theorem to the context of hypersurfaces in products   M̄ ×ℝ,   giving par-
ticular attention to the cases where  M̄  is one of the nonflat simply connected space forms. 
Considering all these results, a natural question (raised in  [25]) is whether there exist 
Hadamard–Stoker-type theorems for hypersurfaces in  H n ×ℝ,   where  H    (here and 
elsewhere) denotes a general Hadamard manifold. In this paper, we give it an affirmative 
answer.

We shall also focus on rigidity of hypersurfaces in  H n ×ℝ  and  𝕊n ×ℝ.  This, how-
ever, turns out to be a delicate matter, since these spaces have nonconstant sectional 
curvature. For instance, in contrast to the behavior of hypersurfaces in space forms, two 
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hypersurfaces of either  ℍn ×ℝ  or  𝕊n ×ℝ  with equal shape operators are not necessar-
ily congruent. As proved by Daniel [10], in order to have congruence in this case, one 
has to ensure further that the height and angle functions of the hypersurfaces coincide 
(see Sect. 2.1 for definitions).

Taking the above considerations into account, we will investigate the rigidity of 
a given hypersurface   f ∶ Mn

→ M̄n+1   in the more restricted class  Cext(f )   of hyper-
surfaces  g ∶ Mn

→ M̄n+1   whose extrinsic curvature coincides with the extrinsic cur-
vature of   f   everywhere on   M   (cf.  [29, Theorem A]). More precisely, we will say 
that   f   is rigid in  Cext(f )   if, for any hypersurface  g ∈ Cext(f ),   there exists an isom-
etry  Φ ∶ M̄ → M̄  such that  g = Φ◦f .  We point out that, when  M̄n+1  has constant sec-
tional curvature, the concepts of rigidity and rigidity in  Cext(.)  are the same.

Our first result, as stated below, includes a Hadamard–Stoker-type theorem for hyper-
surfaces in  H n ×ℝ,  and also a rigidity theorem for hypersurfaces in  ℍn ×ℝ.

Theorem 1 Let f ∶ Mn
→ H n ×ℝ ( n ≥ 3 ) be a complete connected oriented hypersurface 

with positive definite second fundamental form. If the height function of   f has a critical 
point, then the following statements hold:

(a) f is a proper embedding, and  M is either homeomorphic to �n or  ℝn.  In the latter 
case, f has a bottom or a top end, and  f(M)  is a geodesic graph over an open set of a 
horizontal section of  H n ×ℝ.

(b) f(M) is the boundary of a convex set in  H n ×ℝ.

(c) f is rigid in the class  Cext(f ) when  H n is the hyperbolic space  ℍn.

Some of the assertions of Theorem 1 remain true after replacing the Hadamard mani-
fold  H n  by the unit sphere  �n.  More precisely, we have the following result.

Theorem 2 Let f ∶ Mn
→ 𝕊n ×ℝ ( n ≥ 3 ) be a complete connected oriented hypersurface 

with positive definite second fundamental form. If the height function of f has a critical 
point, then the following statements hold:

(a) f  is an embedding and  M  is homeomorphic to  �n or  ℝn. In the latter case, f has a 
bottom or a top end.

(b) f is rigid in Cext(f ).

Let  ℚn
�
  be  ℍn ( � = −1 ) or  �n ( � = 1 ). As a first consequence of Theorems 1 and 2, 

we have that any compact connected hypersurface f ∶ Mn
→ ℚn

�
×ℝ   ( n ≥ 3 ) with 

positive extrinsic curvature and constant mean curvature is congruent to an embedded 
rotational sphere (Corollary 1). This result, then, extends to  ℚn

�
×ℝ   the classical Jel-

lett–Liebmann Theorem for compact constant mean curvature surfaces in  ℝ3  with posi-
tive Gauss curvature.

A second consequence of Theorems 1 and 2 is the following Hilbert–Liebmann-type 
theorem: For  n ≥ 3,  any hypersurface with constant sectional curvature  c > (𝜖 + 1)∕2  
in the product  ℚn

�
×ℝ   is congruent to a rotational sphere (Corollary  2). We should 

mention that a more general result, which includes our Corollary  2, was obtained by 
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Manfio and Tojeiro in [23], where they classify the hypersurfaces of constant sectional 
curvature in  ℚn

�
×ℝ,   n ≥ 3.

Next, we consider the dual case of the above theorems in which the height function 
of the hypersurface  f  has no critical points. The condition on the second fundamental 
form is weakened by assuming it positive semi-definite instead of positive definite. On 
the other hand,   f   is assumed to be a proper immersion. The precise statement is as 
follows.

Theorem 3 Let f ∶ Mn
→ M̄n ×ℝ (n ≥ 3) be a proper connected orientable hypersurface 

with positive semi-definite second fundamental form, where M̄n is either a Hadamard man-
ifold H n or the sphere  �n. Assume that:

(a) The height function of  f has no critical points.
(b) f is cylindrically bounded if  M̄ = H

n,  that is, there exists a closed geodesic ball 
B ⊂ H

n such that f (M) ⊂ B ×ℝ.

Then, f is an embedding, and f (M) = Σ ×ℝ, where Σ ⊂ M̄n × {0} is a submanifold 
homeomorphic to  �n−1 which bounds an open convex set in  M̄n × {0}.

It should be observed that the assumption (b) in the above theorem is necessary (cf. 
Remark 2). It is also worth mentioning that, in the proof of the spherical case  M̄ = �n,  
we apply the celebrated Soul Theorem, due to G. Perelman.

Currier [8] obtained a Hadamard–Stoker-type theorem for complete connected 
hypersurfaces   f ∶ Mn

→ ℍn+1  in hyperbolic space. He proved that, for such an  f,    M  
is either homeomorphic to  �n  or  ℝn,  provided all eigenvalues of its shape operator, at 
any point, are at least  1.  As shown by the cylinders of  ℍn+1  of constant mean curva-
ture, this hypothesis on the eigenvalues cannot be replaced by the weaker assumption of 
positive definiteness of the second fundamental form.

Currier’s result can be viewed from a more general perspective if we consider  ℍn+1  
as the warped product  ℝ ×et ℝ

n.  In this representation, any vertical section  {t} ×et ℝ
n  

is a constant mean curvature  1  horosphere of  ℍn+1.   Therefore, for a given hypersur-
face   f ∶ M → ℝ ×et ℝ

n,  the main hypothesis of Currier’s Theorem can be reinterpreted 
by saying that the eigenvalues of the shape operator of   f   at a point   x ∈ M   are all 
greater than, or equal to, the mean curvature of the vertical section which contains  f(x). 

Driven by these considerations, we obtained a Hadamard–Stoker-type theorem 
for a class of hypersurfaces (which we call �-convex) in warped products  ℝ ×𝜚 M̄

n,   
where  M̄n  is either a Hadamard manifold or the sphere  �n.  In these spaces, the vertical 
sections  {t} ×𝜚 M̄

n   are totally umbilical and, if properly oriented, have constant mean 
curvature  |�(t)|,   where  �(t) = ��(t)∕�(t).   In this setting, we say that a hypersurface 
in  ℝ ×𝜚 M̄

n   is �-convex if, at any point, all the eigenvalues of its shape operator are 
bounded bellow by  |�|  (see Sect. 4). The result, then, reads as follows.

Theorem  4 Let ℝ ×𝜚 M̄
n ( n ≥ 3 ) be a warped product, where M̄n is either a Hadamard 

manifold or the unit sphere �n. Consider a connected, complete, and oriented strictly �
-convex hypersurface f ∶ Mn

→ ℝ ×𝜚 M̄
n, and assume that its height function has a criti-

cal point. Then, f is a proper embedding and  M is either homeomorphic to  �n or  ℝn. In 
the latter case, f has a bottom or a top end if the manifold M̄n is the sphere  �n. 
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We remark that, when the warping function   �   is constant, strict �-convexity is 
equivalent to definiteness of the second fundamental form. In this manner, we can say 
that Theorem 4 is an extension of Theorems 1-(a) and 2-(a). Also, in the case  M̄ = H

n  
of Theorem 4, if  �  is convex, then  f  behaves as in Theorem 1. Namely,  f(M)  bounds 
a convex set and, when  M  is noncompact, it is a geodesic graph with either a bottom or 
a top end (see Remark 4). By the same token, our final result extends the spherical case 
of Theorem 3 to proper �-convex hypersurfaces in  ℝ ×� 𝕊

n  whose height function has 
no critical points.

Theorem  5 Assume that there exists a proper, connected, and oriented �-convex hyper-
surface f ∶ Mn

→ ℝ ×� 𝕊
n (n ≥ 3) whose height function has no critical points. Then,   f   

is an embedding with both a bottom and a top end, and  M is homeomorphic to the prod-
uct  ℝ × 𝕊n−1. Assuming, in addition, that M has nonnegative sectional curvature, the fol-
lowing hold:

• L(�) ≤ 0 on  ℝ,  where  L(�) ∶= (��)2 − ����.

• L(�) = 0 on  ℝ if and only if � is constant.

The paper is organized as follows. In Sect.  2, we introduce some notation and quote 
some results which will be used afterwards. In Sect. 3, we prove Theorems 1–3 and Corol-
laries 1 and 2 as well. Finally, in Sect. 4, after providing some background on hypersur-
faces in warped products, we prove Theorems 4 and 5.

2  Preliminaries

Throughout this paper, all manifolds are assumed to be  C∞.   For a given n-dimensional 
manifold  Mn  ( n ≥ 2 ), we will write  TM  for its tangent bundle. The n-dimensional sim-
ply connected space form of constant sectional curvature  � ∈ {−1, 0, 1}   will be denoted 
by  ℚn

�
,  so  ℚn

−1
  is the hyperbolic space  ℍn,   ℚn

0
  is the Euclidean space  ℝn,  and  ℚn

1
  is the 

unit sphere  �n. 
Recall that a complete simply connected Riemannian manifold with nonpositive sec-

tional curvature, to be denoted by  H n,   is called a Hadamard manifold. Any Hadamard 
manifold H n is diffeomorphic to ℝn through the exponential map. So, given  p, q ∈ H

n,  
there exists a unique geodesic  �pq  joining these two points. A set  𝛬 ⊂ H

n  is said to be 
convex if  𝛾pq ⊂ 𝛬  whenever  p, q ∈ �.

Given a Riemannian manifold   M̄n,   consider the product   M̄n ×ℝ   endowed 
with the standard Riemannian product metric. For a tangent vector field   Z   
in  T(M̄ ×ℝ) = TM̄ ⊕ Tℝ,  we will write

and call  Zh  and  Zv  the horizontal component and the vertical component of  Z,   respec-
tively. The projections of  M̄n ×ℝ  onto its first and second factors will be denoted by  𝜋

M̄
  

and  �
ℝ
,  respectively, being  �

ℝ
  called the height function of  M̄n ×ℝ.  The gradient of  �

ℝ
,  

which is a parallel field in  M̄n ×ℝ,  will be denoted by  �t.
Given  t ∈ ℝ,  the submanifold

Z = Zh + Zv, Zh ∈ TM̄, Zv ∈ Tℝ,
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will be called the horizontal section of  M̄n ×ℝ  at level  t.  It is easily seen that horizon-
tal sections are totally geodesic submanifolds of  M̄n ×ℝ,   and that each of them is iso-
metric to  M̄n.  For this reason, we identify the Riemannian connection of any horizontal 
section  M̄t   with that of  M̄   and denote it by  ∇̄.   Geodesics of  M̄n ×ℝ   contained in a 
horizontal section will be called horizontal, whereas the ones tangent to  �t  will be called 
vertical.

2.1  Hypersurfaces in product spaces

Given an oriented hypersurface

we will denote its unit normal field by N,     its second fundamental form by  � , and its 
shape operator by A.  So, one has the equalities

where  ⟨, ⟩  and  ∇̃  stand for the Riemannian metric and Levi-Civita connection of  M̄n ×ℝ,  
respectively. The height function  �  and the angle function  �  of  f  are defined by the fol-
lowing identities:

We shall denote the gradient field and the Hessian of a function  �   on   M   by  grad �   
and  Hess � ,  respectively. In particular,

This last equality then yields

From (1), we also have that  ∇̃X grad � = −�∇̃XN − X(�)N.  Consequently,

Given an open set  𝛺 ⊂ M  without critical points of  �,  a trajectory of  grad �  in  �  is, by 
definition, a curve  𝜑 ∶ I ⊂ ℝ → 𝛺  which satisfies

It can be easily proved that, whenever  M  is complete, one has  I = (−∞,+∞).  Moreover, 
if the closure of  �  contains a unique critical point  x0  of  �,  then either

according as whether  x0  is a local minimum or a local maximum, respectively. In the first 
case, one says that the trajectory  �  is issuing from  x0 , and, in the second, that  �  is going 
into  x0  (see [12] for details and proofs).

Concerning the gradient of  �  on  M,   for all  X ∈ TM,  we have

M̄t ∶= M̄n × {t} ⊂ M̄n ×ℝ

f ∶ Mn
→ M̄n ×ℝ,

⟨�(X, Y),N⟩ = ⟨AX, Y⟩ = −⟨∇̃XN, Y⟩ = ⟨∇̃XY ,N⟩ ∀X, Y ∈ TM,

�(x) = �
ℝ
◦f (x) and �(x) = ⟨N(x), �t⟩, x ∈ M.

(1)grad � = �t − �N.

x ∈ M is a critical point of � ⇔ N(x) = ±�t ⇔ �(x) = ±1.

(2)Hess �(X, Y) = �⟨�(X, Y),N⟩ ∀X, Y ∈ TM.

�
�(s) = grad �(�(s)) ∀s ∈ I.

lim
s→−∞

�(s) = x0 or lim
s→+∞

�(s) = x0
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Hence, the following equality holds on  M : 

Definition 1 We say that a complete hypersurface   f ∶ M → M̄n ×ℝ  has a top end (resp. 
bottom end)  E ⊂ M,  if  E  is unbounded and, for any divergent sequence  (xk)k∈ℕ  in  E,   
one has  �(xk) → +∞  (resp.  �(xk) → −∞).

Remark 1 When required, we will denote the second fundamental form  �  of a hypersur-
face   f ∶ M → M̄n ×ℝ  by  �f  . The same goes for all other objects related to  f,   including 
its shape operator  A = Af  , and its height and angle functions  � = �f  , and  � = �f  .

Consider a hypersurface   f ∶ M → M̄n ×ℝ   and assume that a horizontal section  M̄t   
intersects   f(M)   transversally. In this case, as is well known, the set  𝜉−1(t) ⊂ M   is an 
(n − 1)-dimensional submanifold of   M.   Given, then, a connected component   Mt   
of  �−1(t),  we will call the map

a horizontal section of  f  at level  t.  As unit normal field for a horizontal section   ft , we 
shall choose the normalized horizontal component  �  of  N,   that is,

Let u be a differentiable (i.e., C∞ ) function defined on a domain D ⊂ M̄. The vertical graph 
of  u  in  M̄ ×ℝ  is defined as the set

It is easily checked that  Σ  is a hypersurface of  M̄ ×ℝ  (seen as a submanifold). Denoting 
by  ∇u  the gradient of  u  in  M̄  and by  ‖∇u‖  its norm, we have that

is clearly a unit normal field on  Σ   (by abuse of notation, we are writing  ∇u   instead 
of  ∇u◦𝜋

M̄
 ). In particular, the angle function of  Σ  is

We shall denote by  Σt  the level set of  u  at  t ∈ u(D) ⊂ ℝ,  that is,  Σt ∶= u−1(t).  It fol-
lows from (1) and (5) that the horizontal component of  grad �   on  Σ   is parallel to  ∇u,   
which implies that the projection  𝛾 = 𝜋

M̄
◦𝜑  of any trajectory  �  of  grad �  to  M̄  is tan-

gent to  ∇u.  Thus, such a  �  is necessarily orthogonal to all level sets  Σt = u−1(t).

Let us consider now a general hypersurface   f ∶ Mn
→ M̃n+1.   Recall that the Gauss 

equation for  f  is

X(�) = X⟨N, �t⟩ = ⟨∇̃XN, �t⟩ = −⟨AX, �t⟩ = −⟨A grad �,X⟩.

(3)grad� = −A grad �.

ft ∶= f |Mt
∶ Mt → M̄t

(4)� ∶=
Nh

‖Nh‖
=

N − ��t√
1 − �2

⋅

Σ ∶= {(p, u(p)) ∈ M̄ ×ℝ ; p ∈ D}.

(5)N =
−∇u + �t√
1 + ‖∇u‖2

(6)� =
1√

1 + ‖∇u‖2
⋅
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where  R   and   R̃   are the curvature tensors of  Mn   and   M̃n+1,   respectively. Denoting 
by  K(X, Y)  and  K̃(X, Y)  the corresponding sectional curvatures of the plane generated by 
orthonormal vectors  X, Y ∈ TM,  the Gauss equation becomes

where  A  is the shape operator of  f. 
Set   �

XY
   for the projection of   TM   on   span {X, Y},   and define the linear opera-

tor  A
XY
∶= �

XY
A|span {X,Y} ∶ span {X, Y} → span {X, Y}.  Then, we have

Regarding the eigenvalues  �1,… , �n  of the shape operator  A,   it is easily shown that the 
following assertion holds:

Furthermore, if the first inequality on the left is strict, so is the one on the right.
The extrinsic curvature of   f ∶ Mn

→ M̃n+1  is defined by

We shall denote by  Cext(f )  the class of all hypersurfaces  g ∶ Mn
→ M̄n ×ℝ  whose extrin-

sic curvature coincides with that of  f,  that is, those  g  which satisfy:

Finally, we remark that, when  M̃n+1 = Qn
�
×ℝ,  the Eq. (8) takes the form

(see, e.g., [10]).

2.2  Asymptotic rays in  H n ×ℝ

Given a Hadamard manifold  H n,   we have that  H n ×ℝ   is also a Hadamard manifold. 
Thus, we can consider the concept of asymptotic rays in this product space and profit from its 
properties (for details and proofs we refer the reader to [5, Section 9]).

We say that two unit speed geodesic rays  � , � ∶ [0,∞) → H
n ×ℝ  are asymptotic if there 

is a constant  c > 0   such that  dist(�(s), �(s)) ≤ c ∀s ∈ [0,∞),   where  dist   stands for the 
distance function on  H n ×ℝ. 

This concept induces an equivalence relation  ∼  in the set of all unit speed geodesic rays 
of  H n ×ℝ.  The asymptotic boundary of  H n ×ℝ  is then defined as the set of all equiva-
lence classes determined by  ∼ .   In this setting, we remark the following nice property of 
geodesic rays: Given  p ∈ H

n ×ℝ,  and a geodesic ray  � ∶ [0,∞) → H
n ×ℝ,  there exists 

a unique unit speed geodesic ray  �p  emanating from  p  (i.e.,  �p(0) = p ) which is asymptotic 
to  � .  Moreover, the tangent field

(7)⟨R(X, Y)Z,W⟩ = ⟨R̃(X, Y)Z,W⟩ + ⟨�(X,W), �(Y , Z)⟩ − ⟨�(X, Z), �(Y ,W)⟩,

(8)K(X, Y) = K̃(X, Y) + ⟨AX,X⟩⟨AY , Y⟩ − ⟨AX, Y⟩2,

detA
XY
= ⟨AX,X⟩⟨AY , Y⟩ − ⟨AX, Y⟩2.

(9)�i ≥ c ≥ 0 ∀i = 1,… , n ⇒ detA
XY
≥ c2 ∀{X, Y} orthonormal.

Kext(f )(X, Y) ∶= K(X, Y) − K̃(X, Y), X, Y ∈ TM.

Kext(f )(X, Y) = Kext(g)(X,Y) ∀X, Y ∈ TM.

(10)K(X, Y) = detA
XY
+ �(1 − ‖�

XY
grad �‖2)

p ∈ H
n ×ℝ ↦ �

�
p
(0) ∈ Tp(H

n ×ℝ)
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is proven to be continuous (see [5, Proposition 9.6]).
In fact, the ray  �p  can be constructed as follows. Take a sequence  sk → +∞  in  ℝ  

and, for each  k ∈ ℕ,  consider the geodesic  �k  from  p  to  �(sk).  Then, it is shown that 
the sequence  (�k)  converges to  �p  (see [5, Proposition 9.2]).

Given a geodesic  � ∶ ℝ → H
n ×ℝ,  one has

that is, the angle between  � �(s)  and  �t  is constant along  � .  In particular, a complete geo-
desic of  H n ×ℝ  is either horizontal or transversal to all horizontal sections.

By analogy with the idea of vertical graph, we shall employ the notion of asymptotic 
geodesic rays to introduce the following concept of graph in  H n ×ℝ.

Definition 2 Let   U ⊂ Ht    be a subset of a horizontal section   Ht  . We say 
that a set   G ⊂ H

n ×ℝ   is a geodesic graph over   U,     if there exists a bijec-
tion  q ∈ U ↔ p = p(q) ∈ G  satisfying the following conditions:

• For each pair  (q, p(q)) ∈ U × G,  there is a geodesic ray  �q  emanating from  q  which 
intersects  G  only at  p.

• For all  q, q� ∈ U,   �q  is asymptotic to  �q′  (Fig. 1).

2.3  Rotational spheres in  ℚn

�
×ℝ

Concluding this preliminary section, we shall briefly consider rotational hyper-
surfaces of  ℚn

�
×ℝ.   Such a hypersurface is the orbit  Σ

C
   of a curve   C   of  ℚn

�
×ℝ   

d

ds
⟨� �(s), �t⟩ = ⟨∇̃� ��

�(s), �t⟩ = 0,

Fig. 1  A geodesic graph in H n ×ℝ
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under the action of the group of isometries of   ℚn
�
×ℝ   which fix a vertical geo-

desic  {p} ×ℝ, p ∈ ℚn
�
.  The curve  C  is then called the profile curve of  Σ

C
 .

By choosing suitable profile curves, one can construct rotational hypersurfaces 
in  ℚn

�
×ℝ   with special properties. The general procedure is analogous to the one for 

the construction of the well known Delaunay surfaces, that is, the profile curve  C  is a 
solution of a certain differential equation which is obtained from the conditions imposed 
on  Σ

C
 .

With this approach, nonzero constant mean curvature (CMC, for short) rotational 
hypersurfaces in  ℚn

�
×ℝ  were obtained by Hsiang and Hsiang [20], for  � = −1,  and by 

Pedrosa [27], for  � = 1.  Furthermore, by applying the Alexandrov reflection technique, 
Hsiang and Hsiang were able to prove that any compact embedded CMC hypersurface 
of  ℍn ×ℝ  is spherical and rotational.

For compact embedded CMC hypersurfaces   f ∶ Mn
→ 𝕊n ×ℝ,   in general, one 

can apply Alexandrov reflection with respect to horizontal sections  �t ∶= �n × {t}   to 
prove that, for some  t∗ ∈ ℝ,     f(M)   is a bigraph over its projection  �(f (M))   to  �t∗ .   
It means that  �t∗   separates   f(M)   into two symmetric connected components, and 
each of them is a graph over  �(f (M)).  If, in addition, there is an open hemisphere  �n

+
  

of  �n   such that   f (M) ⊂ 𝕊n
+
×ℝ,   then one can perform Alexandrov reflection on 

“hyperplanes”  (Σn−1 ∩ 𝕊n
+
) ×ℝ,  where  Σn−1  is a totally geodesic (n − 1)-sphere of  �n,  

and then conclude that   f   is, in fact, rotational (see  [1, Section  1 – pg  144] and  [7, 
Section 5]).

In [2], Aledo, Espinar and Glvez considered surfaces of  ℚ2
�
×ℝ  with constant sec-

tional curvature. They showed that, for any given  c > (𝜖 + 1)∕2,   there exists a unique 
complete surface   f ∶ M2

→ ℚ2
�
×ℝ   with constant sectional curvature  c . Such a sur-

face is necessarily rotational and homeomorphic to  �2.   As mentioned in the intro-
duction, an analogous result was obtained by Manfio and Tojeiro  [23] for hypersur-
faces   f ∶ Mn

→ ℚn
�
×ℝ  (n ≥ 3 ). In the next section, we shall give it a different proof as 

an application of our main results (cf. Corollary 2).

3  Results on hypersurfaces in  H n ×ℝ  and  𝕊n ×ℝ

For the proof of assertions (a) and (b) of Theorem 1, we apply Morse Theory to show 
that, under the given conditions, the height function of  f  has either one critical point, 
and then  M   is homeomorphic to  ℝn,   or two critical points, and then  M   is homeo-
morphic to  �n.   In both cases,   f   is proven to be a proper embedding by means of 
the Alexander Theorem [3] (see Introduction). The convexity property will be derived 
from a result by Bishop [4], which states that an embedded hypersurface in a Riemann-
ian manifold with positive definite second fundamental form is strictly locally convex. 
Then, we apply (a) to show that, if  M  is noncompact, then  f(M)  is a geodesic graph 
in  H n ×ℝ.  This part of the proof is based on techniques developed by Heijenoort [19], 
and do Carmo and Lima [12]. Finally, the rigidity of  f  in  Cext(f )  will be obtained from 
B. Daniel’s Fundamental Theorem [10] for hypersurfaces in  Qn

�
×ℝ.

First, we shall establish the following lemmas.

Lemma 1 Let f ∶ Mn
→ M̄n ×ℝ ( n ≥ 3 ) be an oriented hypersurface with positive 

semi-definite (resp. definite) second fundamental form. Then, any horizontal section 
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ft ∶ Mt → M̄t of   f, if properly oriented, has positive semi-definite (resp. definite) second 
fundamental form.

Proof Since  M̄t  is totally geodesic in  M̄n ×ℝ,  we have that

Thus, orienting   ft  as in (4), for all  X ∈ TMt , we have

Hence,  �ft  is positive semi-definite. If  f  has positive definite second fundamental form, 
the above inequality is strict, and then   ft  has positive definite second fundamental form as 
well.   ◻

Lemma 2 Let f ∶ Mn
→ ℚn

�
×ℝ (n ≥ 3) be an oriented hypersurface whose shape oper-

ator Af  has rank at least 3 everywhere. Then, if g ∶ Mn
→ ℚn

�
×ℝ is a hypersurface in 

Cext(f )  (see Sect. 2.1), there exists a unit normal field Ng ∈ TM⟂

g
 such that the correspond-

ing shape operator Ag , the height function �g , and the angle function �g satisfy the follow-
ing identities:

• Af = Ag.
• ‖grad �f‖ = ‖grad �g‖.
• �2

f
= �2

g
.

Proof Since the sectional curvature determines the tensor curvature, and the extrinsic cur-
vatures of  f  and  g  coincide, it follows from Gauss equation (7) that

for all   X, Y , Z,W ∈ TM.   Therefore, since the rank of   Af    on   M   is at least   3,     
Lemma 2.1 of  [9] applies and gives that there exists an isometric bundle isomor-
phism  𝔅 ∶ TM⟂

f
→ TM⟂

g
   satisfying  �g = �◦�f  . In particular,   Ng ∶= �Nf    is a unit 

normal field to  g.   Denoting by  Ag   the shape operator of  g   with respect to  Ng , for 
all  X, Y ∈ TM,  one has

which implies that  Af = Ag  everywhere on  M.  Considering now equality (10), we have 
that  ‖grad �f‖ = ‖grad �g‖  and, from (1), that  �2

f
= �2

g
  on  M.   ◻

Proof of Theorem  1 Let   x0 ∈ M   be a critical point of the height function   �.   We can 
assume without loss of generality that  x0  is a local minimum, and that  �(x0) = 0.  Since 
the second fundamental form  �  is positive definite, equality (2) gives that  Hess �  is posi-
tive definite at  x0 , which implies that  x0  is a strict local minimum point of  �.

∇̄XX = �∇XX ∀X ∈ TM̄t.

⟨𝛼ft (X,X), 𝜂⟩ = ⟨∇̄XX, 𝜂⟩ =
1√

1 − 𝛩2

⟨�∇XX,N⟩ =
1√

1 − 𝛩2

⟨𝛼f (X,X),N⟩ ≥ 0.

⟨�f (X,W), �f (Y , Z)⟩−⟨�f (X, Z), �f (Y ,W)⟩
= ⟨�g(X,W), �g(Y , Z)⟩ − ⟨�g(X, Z), �g(Y ,W)⟩

⟨AgX, Y⟩Ng = �g(X, Y) = ��f (X, Y) = ⟨Af X, Y⟩�Nf = ⟨Af X, Y⟩Ng,
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Suppose that   ft ∶ Mt → Ht   is a horizontal section of  f  at level  t > 0.  Following do 
Carmo and Lima [12], we say that   ft  (or, equivalently,  Mt ) is a normal section (for  x0 ) if 
the following conditions are satisfied:

• Mt   is homeomorphic to  �n−1   and bounds an open region  𝛺t ⊂ M   which contains 
only one critical point of  �;  namely,  x0.

• There exists an homeomorphism  � ∶ clB → cl�t  such that  �(�B) = Mt , where  B  is 
an open ball of  ℝn and cl denotes closure.

When   ft  is a normal section, we say that  t  is a normal value and  �t  is a normal region 
for  x0 . We then write

It is clear from its definition that  �  is a nonempty open set of M  which is homeomorphic 
to  ℝn. Setting  ��  for the boundary of  �,  we distinguish the following mutually exclu-
sive cases: 

 (i) � = M,  i.e.,  �� = �.

 (ii) � ≠ M  and  ��  contains critical points of  �.
 (iii) � ≠ M  and  ��  contains no critical points of  �.

By Lemma 1, each normal section   ft ∶ Mn−1
t

→ H
n

t
  has positive definite second funda-

mental form. Since we are assuming  n ≥ 3,   it follows from Alexander Theorem that   ft   
is an embedding and   f (Mt)   bounds a compact convex set in  Ht.   In particular, for 
all  t ∈ I,    f |�t

  is a proper embedding. Thus,   f (�t)  separates  H n × [0, t)  into two con-
nected components, where one of them, say  �t , is bounded.

We claim that  �t   is convex. To see this, observe first that the mean curvature vector 
of  f  along  �t  points to  �t , that is,  �t  is the mean convex side of   f |�t

 . Since the sec-
ond fundamental form of  f   is positive definite, a theorem by R. Bishop [4] gives that  f   
is strictly locally convex, that is, for each   x ∈ �t , there is a neighborhood  V ⊂ TxM   
of the null vector in the tangent space of  M  at  x,   such that  expf (x) V ∩ cl�t = {f (x)}.  
Here,  exp  stands for the exponential map of the ambient space  H n ×ℝ. 

Suppose, for the sake of contradiction, that there are points   p, q ∈ �t   such that the 
geodesic of   H n ×ℝ   which joins them is not contained in   �t . Consider, then, a 
curve  � ∶ [0, 1] → �t  such that  �(0) = p  and  �(1) = q.  For each  s ∈ (0, 1],  let  �s  be 
the geodesic from  p  to  �(s).  For a small  s,    �s  is in  �t . So, there is  s0 ∈ (0, 1]  such 
that  �s0  is tangent to  f(M)  at some point, which clearly violates the local convexity of  f  
(Fig. 2). Therefore,  �t  is convex.

Suppose that (i) holds. In this case,  M = � =
⋃

�t  is homeomorphic to  ℝn.  Also, by 
the above considerations,  f  is a proper embedding, and  f(M)  is the boundary of the open 
convex set  � ∶=

⋃
�t ,  t ∈ I.

Let us prove that the interval I must be unbounded if  � = M.   Assuming otherwise, 
we have  t∗ ∶= sup I < ∞. Hence, the horizontal section  Ht∗ is disjoint from  f(M),   for  �  
has no critical points but x0 . In particular,  Ht∗ ⊂ 𝛬.   Consider an arbitrary divergent 
sequence  pk ∈ Ht∗ , k ∈ ℕ.  For each  k ∈ ℕ,  let  �k ∶ [0, ak] → �  be the unit speed geo-
desic of  H n ×ℝ   from   f (x0)   to   pk . Passing to a subsequence, if necessary, we can 
assume that

I ∶= {t > 0 ; t is a normal value} and 𝛺 ∶=
⋃

𝛺t, t ∈ I.
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Denote by   � ∶ [0,+∞) → H
n ×ℝ   the unit speed geodesic ray of   H n ×ℝ   such 

that   �(0) = f (x0)   and   � �(0) = Z0 . Clearly, each geodesic segment �k is contained in 
the closure of the convex set 𝛬� ⊂ H

n ×ℝ bounded by   f(M)   and  Ht∗ ,   which implies 
that  𝛾 ⊂ cl𝛬′.  Consequently,  �  is a horizontal geodesic ray emanating from   f (x0),  i.e., 
it is entirely contained in  H0  (otherwise, it would be transversal to  Ht∗  and would not be 
contained in  cl�′ ). However, the only point of  H0  in  cl�′  is   f (x0),  which is a contra-
diction. Therefore,  I  is unbounded if (i) occurs and, if so,  f  has a top end.

Still assuming (i), we shall show that  f(M)  is a geodesic graph over an open connected 
set U of  H0 . For that, consider an arbitrary divergent sequence  pk ∈ �, k ∈ ℕ.  Just as 
above, construct from that sequence a unit speed geodesic ray  � ∶ [0,+∞) → H

n ×ℝ   
emanating from   f (x0).  Again, since  �  (and so  cl� ) is convex,  �  is contained in  cl�.  
Moreover, the local convexity of  f  implies that   f (x0)  is the only point of  �  in  cl� − �. 

Given  x ∈ M,  consider a sequence  �(sk)  on  �  such that  sk → +∞,  and let  �k  be 
the unit speed geodesic from  f(x)  to  �(sk).  As we know, this sequence of geodesics con-
verges to a geodesic ray  �x  which is asymptotic to  � .  Just as  � ,   �x  is contained in  cl�,  
and  f(x)  is the only point of  �x  in  cl� − �  (Fig. 3).

Notice that  �x   is not a horizontal geodesic, for the horizontal sections of   f   are 
compact. Thus, the complete geodesic that contains   �x   is transversal to all horizon-
tal sections of  H n ×ℝ.   In particular, the geodesic ray  −�x   starting at   f(x)   in the 
direction  −��

x
(0)   reaches  H0   at some point  q = q(x),   which implies that   f(M)   is a 

geodesic graph over the set  U = {q(x), x ∈ M} ⊂ H0.   Moreover, since the exponential 
map and the field   x ∈ M ↦ ��

x
(0) ∈ Tf (x)(H

n ×ℝ)   are continuous (see Sect.  2.2), the 
map  x ∈ M ↦ q(x) ∈ U  is clearly a homeomorphism. In particular,  U  is connected and 
open in  H0.

Henceforth, we will assume that   I   is bounded, that is,   t∗ = sup I < ∞.   Under 
this hypothesis, suppose that (ii) holds and let   x1 ∈ ��   be a critical point of   �.   
Then,   �(x1) = t∗   and   N(x1) = ±�t.   However,   N(x1) = �t   would give that   x1   is 
a strict local minimum for  �.   In that case, there would exist a neighborhood  V   of   x1   
in  M   such that  𝜉|V−{x1} > t∗,   contradicting the fact that  x1   is on the boundary of  �.   
Thus,  N(x1) = −�t  and  x1  is a strict local maximum of  �.  In particular,   f (x1)  is isolated 
in  Ht∗ . Consequently, in the occurrence of (ii),  M  coincides with the closure of  �  and 

�
�
k
(0) → Z0 ∈ Tf (x0)(H

n ×ℝ), ‖Z0‖ = 1.

Fig. 2  Proof that �t is convex
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is, in particular, compact. Therefore,  �  is a Morse function on  M  with only two critical 
points, which implies that  M  is homeomorphic to a sphere (see [24, Theorem 4.1]). The 
proofs that   f   is an embedding and that   f(M)   bounds a convex set in  H n ×ℝ   are the 
same as in case (i) (these facts also follow from Alexander Theorem).

Finally, we shall prove that (iii) is impossible. Assume, to the contrary, that (iii) holds. 
In this case,  Mt∗ ∶= 𝜕𝛺 ⊂ 𝜉−1(t∗)  is a connected (n − 1)-dimensional submanifold of  M  
which arises as the limit set of  Mt   as  t → t∗.   Thus, since   f |Mt

   is a proper embedding 
for all   t ∈ (0, t∗),   the same is true for   f |cl� ∶ cl� → H

n ×ℝ.   Furthermore, if we 
set  � =

⋃
�t, t ∈ (0, t∗),  we have that  cl�  is convex.

Suppose that   cl�   is unbounded in   H n ×ℝ.   Then, there exists a divergent 
sequence   pk ∈ cl�.   As we did before, from this sequence we obtain a geodesic ray  �   
emanating from   f (x0)  which is contained in  cl�.  Hence, it must be horizontal. Again, 
this contradicts that the only point of  cl�   on  H0   is   f (x0).   Consequently,  cl�   is 
bounded and, therefore, compact.

Since   f |cl �   is a proper embedding and  cl�   is compact, we have that  Mt∗ = ��   
is compact. Hence, for a given   t ∈ (0, t∗),   the flow of  grad �   from  Mt   to  Mt∗   is a 
homeomorphism (see  [24, Theorem  3.1]). Then, by following the trajectories of  grad �   
through  Mt∗ , one can arrive at a normal region  Mt′  for a sufficiently small  t� > t∗,  which 
is a contradiction. This shows the impossibility of (iii) and finishes the proof of assertions 
(a) and (b) of the theorem.

To prove (c), let us consider a hypersurface   g ∶ Mn
→ ℍn ×ℝ   in   Cext(f ).   

Since  �f    is positive definite, we have that its shape operator has rank   n ≥ 3   every-
where. So, from Lemma  2, with respect to a suitable normal field   Ng ∈ TM⟂

g
,   one 

has  Af = Ag ,  ‖grad �f‖ = ‖grad �g‖,  and  �2
f
= �2

g
.  In particular, the set of critical points 

of  �f   and  �g  coincide and, then,  f  shares with  g  all the properties stated in (a) and (b).

Fig. 3  Proof that f(M) is a geodesic graph
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Now, set  A ∶= Af = Ag , let  �  be either  �f   or  �g , and let  � ∶ ℝ → M  be a trajec-
tory of either  grad �f   or  grad �g . Then, by (3),

that is, the angle functions  �f   and  �g  are both decreasing along the trajectories of  grad �f   
and  grad �g , respectively. Also, differentiating the equality  �2

f
= �2

g
   and using (3), we 

easily conclude that

After a possible reflection about an horizontal section of  ℍn ×ℝ   (which is an isom-
etry), we can assume that   x0 ∈ M   is a minimum point of   �g . In this case, one 
has  �f (x0) = �g(x0) = 1.  Since  �f = ±�g , by continuity,  �f = �g  in a neighborhood V 
of  x0 , which gives that  grad �f = grad �g  on  V.  Hence, on  V,   the trajectories of  grad �f   
and  grad �g  coincide. However,  �f   and  �g  are both decreasing along these trajectories. 
Thus, the identity  �f = �g , and so  grad �f = grad �g , extends to all of  M.

It follows that the equalities

hold everywhere in  M.  Therefore, by Daniel Theorem [10], there exists an isometry

such that  g = Φ◦f .  This shows (c) and concludes the proof of the theorem.   ◻

Proof of Theorem 2 We just sketch the proof, since the argument is similar to the one in 
the proof of Theorem  1. By Lemma  1, the horizontal sections of   f   have positive defi-
nite second fundamental form. Considering do Carmo –Warner Theorem and keeping the 
notation of the proof of Theorem 1, one has that all normal sections of   f   are compact 
and embedded. Thus, if (i) occurs,  M  is homeomorphic to  ℝn  and  f  is properly embed-
ded. From this last property,  f(M)  is not contained in the compact region bounded by two 
horizontal sections of  𝕊n ×ℝ. Therefore,  f  has a bottom or a top end. The possibility (ii), 
analogously, gives that  f  is properly embedded and that  M  is homeomorphic to  �n.  The 
possibility (iii) is easily ruled out, for the horizontal sections of  𝕊n ×ℝ   are necessarily 
compact. This proves (a). Regarding (b), we have just to consider Lemma 2, and remember 
that Daniel Theorem [10] is set in  ℍn ×ℝ  and  𝕊n ×ℝ  as well.   ◻

Corollary 1 (Jellett–Liebmann-type theorem) For n ≥ 3   and � ∈ {−1, 1}, any compact 
connected CMC hypersurface f ∶ Mn

→ ℚn
�
×ℝ with positive extrinsic curvature is con-

gruent to an embedded rotational sphere.

Proof Since  M  is compact, the height function of  f  has a critical point. Therefore, from 
Theorems 1 and 2,  f  is an embedding and  M  is homeomorphic to  �n.  Thus, for  � = −1,  
the main theorems in [20] give that  f  is congruent to a rotational sphere of positive con-
stant mean curvature.

Let us consider now the case  � = 1.   In this setting, as discussed in Sect. 2.3, we can 
perform Alexandrov reflection with respect to horizontal sections  �t = �n × {t}   to con-
clude that, for some  t∗ ∈ ℝ,   f(M)  is a bigraph over its projection  �(f (M))  to  �t∗ . Thus, 

(11)
d

ds
𝛩(𝜑(s)) = ⟨grad𝛩(𝜑(s)),𝜑�(s)⟩ = −⟨A𝜑�(s),𝜑�(s)⟩ < 0,

�f grad �f = �g grad �g.

Af = Ag, �f = �g and grad �f = grad �g

Φ ∶ ℍ
n ×ℝ → ℍ

n ×ℝ
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writing   ft∗ ∶ Mt∗ → �t∗  for the horizontal section of  f  at  t∗ , we have that   f (Mt∗ )  is the 
boundary of  �(f (M)). 

By Lemma 1,   ft∗  has positive extrinsic curvature. In particular, it is nontotally geodesic. 
Thus, by do Carmo –Warner Theorem,   f (Mt∗ )   is contained in an open hemisphere  �+

t∗
   

of  �t∗ . So, the same is true for  �(f (M)),  that is,   f (M) ⊂ 𝕊
+
t∗
×ℝ.  As also discussed in 

Sect. 2.3, this implies that we can perform Alexandrov reflections on  f(M)  and conclude 
that it is congruent to a rotational sphere of positive constant mean curvature.   ◻

Corollary 2 (Hilbert–Liebmann-type theorem) Let   Mn
c
   be a complete, connected and 

orientable n(≥ 3)-dimensional Riemannian manifold with constant sectional cur-
vature   c.   Given an isometric immersion   f ∶ Mn

c
→ ℚn

�
×ℝ, � ∈ {−1, 1},   assume 

that  c > (1 + 𝜖)∕2.  Then,  f  is congruent to an embedded rotational sphere.

Proof Since  c > (1 + 𝜖)∕2 ≥ 0,   by Myers Theorem,   M   is compact. Also, it is easily 
seen that the maximum value of the sectional curvature in  ℚn

�
×ℝ   is  (1 + �)∕2.   This, 

together with Gauss equation and the condition on  c,   implies that  f  has positive definite 
second fundamental form, if properly oriented. Thus, Theorems  1 and  2 apply and give 
that  f  is an isometric embedding of the standard sphere  Sn

c
  of constant sectional curva-

ture  c  into  ℚn
�
×ℝ.  In addition, as seen in the proofs of these theorems, the height func-

tion  �  of  f  has exactly two critical points; a minimum  x0  and a maximum  x1 . As before, 
assume  �(x0) = 0  and observe that  �(x0) = 1  and  �(x1) = −1.

By  [23, Lemma 3.1] (see also  [22, Lemma 5]), grad �   is an eigenvector of   A   
on  M − {x0, x1}.   Since tangent vectors of horizontal sections   ft ∶ Mt → ℚn

�
× {t}   are 

orthogonal to  grad �,  it follows from (3) that the angle function  �  of  f  is constant along 
the horizontal sections   ft .

Notice that the trajectories of  grad �   cover  M − {x0, x1} , and any of them issues 
from  x0  and goes into  x1  (cf. Sect. 2.1). Moreover, along these trajectories,  �  decreases 
from   1   to  −1   (see (11)). Therefore, for some   t∗ ∈ (0, �(x1)),   the angle function  �   
vanishes on  Mt∗ , and is positive on  Mt   for  t ∈ (0, t∗).   In particular, the set Σ   of all 
points of   f(M)   at height less than  t∗   is a vertical graph of a differentiable function  u   
on the projection  D ∶= 𝜋(Σ) ⊂ ℚn

𝜖
.   It should also be noticed that the level hypersur-

faces  Σt ∶= u−1(t) ⊂ D,   t ∈ (0, t∗),  are all topological (n − 1)-spheres.
Since  �  is constant along the horizontal sections of  f,   it follows from (6) that  ‖∇u‖  

is constant along the level spheres  Σt . Hence, any trajectory  �  of  ∇u  is actually a geo-
desic of  ℚn

�
 (cf. [34, Lemma 1]). However, as we have discussed before, such a geodesic  �  

is nothing but the (reparametrized) projection of a trajectory of grad �  to  D.  So, any  �  is 
a geodesic of  ℚn

�
  emanating from   f (x0)  and orthogonal to all level spheres  Σt (Fig. 4).

We conclude from this last statement that, for all  t ∈ (0, t∗],    Σt   is a round geodesic 
sphere of  ℚn

�
   centered at   f (x0). Thus,  D   is the open ball of  ℚn

�
   centered at   f (x0)   

and bounded by  Σt∗ , and the graph  Σ ⊂ f (M)   is rotational with axis   f (x0) ×ℝ   and 
boundary   f (Mt∗ ). 

An analogous reasoning applied to  Σ� = f (M) − clΣ  leads to the conclusion that  Σ�  is 
rotational with axis   f (x1) ×ℝ  and boundary   f (Mt∗ ).  Since  Σ  and  Σ�  are both rotational 
and have the geodesic (n − 1)-sphere   f (Mt∗ )  as their common boundary, their axes must 
coincide. Hence,   f (M) = clΣ ∪ clΣ�  is indeed a rotational sphere, as we wished to prove.  
 ◻

Recall that, as proved by Cheeger and Gromoll  [6], any complete and noncom-
pact Riemannian manifold   M   with nonnegative sectional curvature has a compact 
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submanifold, called the soul of  M,   whose normal bundle in  M  is diffeomorphic to  M.  
If  M  has at least one point at which all sectional curvatures are positive, then the soul 
of  M   is a single point (and then  M   is homeomorphic to  ℝn ). This fact, conjectured 
by Cheeger and Gromoll, was proved by Perelman in [28], and called the Soul Theorem. 
In what follows, we shall give a proof of Theorem 3 in which the Soul Theorem plays a 
crucial role.

Proof of Theorem  3 Since   Bt ∶= B × {t}   and   �t ∶= �n × {t}   are both compact, the 
height function  �   is unbounded above and below on  M,     for   f   is proper and  �   has 
no critical points. Thus, setting  M̄t   for either  Bt   or  �t , one has  M =

⋃
Mt ,  t ∈ ℝ,   

where   ft ∶ Mt ⊂ M → M̄t  is a family of compact and connected horizontal sections of  f.
By Lemma  1, the sections   ft   have positive semi-definite second fundamental form. 

Hence, Alexander and do Carmo –Warner Theorems apply and give that, for all  t ∈ ℝ,   Mt  
is homeomorphic to  �n−1,    ft  is an embedding, and   f (Mt)  bounds a convex set in  M̄t . 
Therefore,  f  is an embedding and  M  is homeomorphic to the product  𝕊n−1 ×ℝ.

Fig. 4  A piece of the rotational graph Σ
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Suppose that  M̄ = H
n.   In this case, since we are assuming the second fundamental 

form of  f  positive semi-definite, we can apply Bishop Theorem as in the proof of Theo-
rem 1, and equally conclude that the mean convex side  𝛬 ⊂ B ×ℝ   of   f   is convex (we 
remark that Bishop Theorem only requires semi-definiteness of the second fundamental 
form). Hence, given  t ∈ ℝ, if we choose  x0 ∈ Mt   and a divergent sequence  (xk)   in  M  
such that  �(xk) → ±∞,  each geodesic segment  �k  of  H n ×ℝ  from   f (x0)  to   f (xk)  is 
contained in  cl�.  Consequently, the limit geodesic ray  � = lim �k  emanating from   f (x0)  
is contained in  cl�   as well. If  �   were not a vertical geodesic ray, it would eventually 
reach the boundary of  B ×ℝ,  which is impossible, since  cl𝛬 ⊂ B ×ℝ.  So,  �  is vertical 
and tangent to  f  at  x0 , that is,  Tx0M  is vertical. Being both  t  and  x0  arbitrary, it easily 
follows that   f (M) = f (M0) ×ℝ.

Let us assume now that   M̄ = �n.   Under this assumption, the sectional curvature  K   
of  M  is nonnegative, for  𝕊n ×ℝ  has nonnegative sectional curvature and, by the hypoth-
esis,  f  has nonnegative extrinsic curvature. Since  M  is noncompact, it implies that, for 
all  x ∈ M,  there exist orthonormal vectors  X, Y ∈ TxM  satisfying  K(X, Y) = 0  (other-
wise, by the Soul Theorem,  M  would be homeomorphic to  ℝn ). However, from implica-
tion (9) and equality (10),

Thus,  ‖�
XY
grad �(x)‖ = 1,  i.e.,  ‖grad �(x)‖ = 1,  and so

which clearly implies that   f (M) = f (M0) ×ℝ.  This finishes the proof.   ◻

Remark 2 The assumption (b) in Theorem 3 is necessary. Indeed, as noted in [32, pg. 124], 
there exists a proper unbounded immersion  g ∶ Mn−1

→ ℍn  ( n ≥ 3 ) with positive definite 
second fundamental form, which is not an embedding. Therefore, on one hand, the immer-
sion   f ∶= g × id ∶ Mn−1 ×ℝ → ℍn ×ℝ  is proper, has positive semi-definite second fun-
damental form, and its height function has no critical points. On the other hand,  f  is not an 
embedding. (Notice that  f  is noncylindrically bounded, for  g  is unbounded.)

4  Results on hypersurfaces in  ℝ ×% H
n  and  ℝ ×% 𝕊n

Given an n-dimensional Riemannian manifold   M̄n, and a positive differentiable func-
tion  � ∶ ℝ → ℝ,   the warped product  ℝ ×𝜚 M̄

n is, by definition, the manifold  ℝ × M̄n 
endowed with the metric

Here  ⟨, ⟩ℝ  and  ⟨, ⟩M̄  denote the Riemannian metrics of  ℝ  and  M̄n,  respectively, and 
the notation is as in Sect. 2 (notice that, now, horizontal vectors are tangent to  ℝ,  whereas 
vertical vectors are tangent to  M̄).

It is easily seen that, in  ℝ ×𝜚 M̄
n, all vertical sections

are homothetic to  M̄.  In particular, the following hold:

‖�
XY
grad �‖2 = 1 + detA

XY
≥ 1.

grad �(x) = �t ∀x ∈ M,

⟨X, Y⟩ = ⟨Xh, Yh⟩ℝ + 𝜚
2(t)⟨Xv, Yv⟩M̄ , X, Y ∈ T(t,p)(ℝ × M̄), (t, p) ∈ ℝ × M̄.

M̄t ∶= {t} ×𝜚 M̄
n
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• Vertical sections are Hadamard manifolds (resp. spheres with constant sectional cur-
vature) if  M̄  is a Hadamard manifold (resp.  �n).

• The Riemannian connection of any vertical section, to be denoted by  ∇̄,   can be 
identified with that of  M̄  (see [26, Lemma 64, pg. 92]).

Denoting by  ∇̃  the Riemannian connection of  ℝ ×𝜚 M̄
n  and defining

for any vertical fields  X, Y ∈ TM̄,  the following identities hold (see [5, Lemma 7.3]):

Let us introduce now the concept of �-convexity of hypersurfaces in warped prod-
ucts  ℝ ×𝜚 M̄.  As we pointed out in the introduction, when  �  is constant, �-convexity is 
equivalent to positive semi-definiteness of the second fundamental form.

Definition 3 An oriented hypersurface   f ∶ Mn
→ ℝ ×𝜚 M̄   is called �-convex (resp. 

strictly �-convex) if, for all  x ∈ M,  each eigenvalue  �  of its shape operator at  x  satis-
fies  � ≥ |�◦�(x)|  (resp.  𝜆 > |𝜙◦𝜉(x)|).

Vertical sections are trivial examples of �-convex hypersurfaces of  ℝ ×𝜚 M̄
n.  In the 

case where  M̄  is a simply connected space form, they are the only �-convex hypersur-
faces under certain restrictions on the warp function  �  and the immersed manifold  M  
(see Proposition  1 at the end of this section). In hyperbolic space  ℍn+1 = ℝ ×et ℝ

n,   
as we have discussed, the vertical sections are the constant mean curvature one horo-
spheres. In particular, the geodesic spheres of  ℍn+1 are all �-convex, since they are 
totally umbilical and have constant mean curvature greater than one.

Concerning oriented hypersurfaces   f ∶ Mn
→ ℝ ×𝜚 M̄

n,  we shall keep the notation of 
the previous sections. Namely, for such an  f,   N  will denote its unit normal field,  A  its 
shape operator,  � = ⟨N, �t⟩  its angle function, and  � = �

ℝ
◦f   its height function. In par-

ticular, as before,  grad � = �t − �N.

Remark 3 To avoid excessive notation, we will write  �  and  �  for the compositions  �◦�  
and  �◦�,  respectively, since there is no danger of confusion.

From the equalities (12), for all  X ∈ T(ℝ ×𝜚 M̄),  one has

Thus, if  X ∈ TM, 

Hence, the gradient of  �  is

�(t) ∶=
��(t)

�(t)
, t ∈ ℝ,

(12)

�∇XY = ∇̄XY − 𝜙⟨X, Y⟩𝜕t.
�∇X𝜕t = �∇𝜕t

X = 𝜙X.

�∇𝜕t
𝜕t = 0.

(13)∇̃X�t = ∇̃Xv
�t = �Xv = �

�
X − ⟨X, �t⟩�t

�
.

X(�) = ⟨∇̃XN, �t⟩ + ⟨N, ∇̃X�t⟩ = −⟨A grad �,X⟩ − ��⟨grad �,X⟩.
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where  Id  stands for the identity map of  TM.
Given  X, Y ∈ TM,  we have that

In particular,

We also call attention to the fact that, defining the L-operator

we have from Gauss equation for hypersurfaces   f ∶ Mn
→ ℝ ×� ℚ

n
�
  (see, e.g., [21, Propo-

sition 3]) that, for all orthonormal tangent fields  X, Y ∈ TM,   the sectional curvature  K   
of  M  satisfies

We proceed now to the proofs of Theorems  4 and  5. First, we establish the following 
Lemma, which can be considered as a “warped” version of Lemma 1.

Lemma 3 Let   f ∶ Mn
→ ℝ ×𝜚 M̄

n  ( n ≥ 3 ) be a �-convex (resp. strictly �-convex) hyper-
surface. Then, for all  X ∈ TM,  one has

Consequently, any vertical section ft ∶ Mt → M̄t of   f, if properly oriented, has positive 
semi-definite (resp. definite) second fundamental form.

Proof Consider an orthonormal frame  {X1,… ,Xn} ⊂ TM   of eigenvectors of the shape 
operator   A   of   f   with corresponding eigenvalues  �1,… , �n . The �   convexity of   f   
yields  �i ≥ |�|  for all  i = 1,… , n.  Since  −1 ≤ � ≤ 1,  by setting  X = a1X1 +⋯ + anXn , 
one has

which gives (17).
Let us consider now a vertical section   ft ∶ Mt → M̄t  with orientation

In this case, for all  X ∈ TMt, 

(14)grad� = −(A + �� Id) grad �,

Hess �(X, Y) =⟨∇̃X grad �, Y⟩ = ⟨∇̃Xv
�t, Y⟩ − �⟨∇̃XN, Y⟩

=�⟨Xv, Y⟩ + �⟨�(X, Y),N⟩
=�(⟨X, Y⟩ − ⟨X, �t⟩⟨Y , �t⟩) + �⟨�(X, Y),N⟩.

(15)Hess �(X,X) = �(⟨X,X⟩ − ⟨X, �t⟩2) + �⟨�(X,X),N⟩ ∀X ∈ TM.

L(�) ∶= (��)2 − ��
��,

(16)K(X, Y) =

�
�

�2
− �

2

�
+

�
L(�) − �

�2

�
‖�

XY
grad �‖2 + detA

XY
.

(17)⟨𝛼(X,X),N⟩ ± 𝜙𝛩⟨X,X⟩ ≥ 0 (resp. > 0).

⟨�(X,X),N⟩ = ⟨AX,X⟩ =
n�

i=1

�ia
2
i
≥ ���⟨X,X⟩ ≥ ±��⟨X,X⟩,

(18)� =
Nv

‖Nv‖
=

1√
1 − �2

(N − ��t).
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where the last equality followed from the first one in (12). This, together with inequality 
(17), gives

which implies that   ft  has positive semi-definite second fundamental form. If  f  is strictly 
�-convex, the inequality (17) is strict and, then,   ft  has positive definite second fundamen-
tal form.   ◻

Proof of Theorem 4 Let  x0 ∈ M  be a critical point of the height function  �  of  f.  It fol-
lows from the Hessian formula (15) and inequality (17) that   x0   is a strict maximum 
if  �(x0) = −1,  or is a strict minimum if  �(x0) = 1.  Let us assume, without loss of gener-
ality, the latter, and also that  �(x0) = 0.

Define normal sections, normal regions and normal values for  x0  as in the proof of The-
orem 1. As before, denote by  𝛺 ⊂ M  the union of all normal regions, and by  I ⊂ (0,+∞)  
the interval of all normal values. Recall that  � is homeomorphic to  ℝn  and consider the 
cases: 

(i) � = M.

(ii) � ≠ M  and  ��  contains critical points of  �.
iii) � ≠ M  and  ��  contains no critical points of  �.

The vertical sections  M̄t  are either all Hadamard manifolds or all spheres with constant 
sectional curvature. Thus, do Carmo –Warner and Alexander Theorems, together with 
Lemma 3, imply that each normal section   ft ∶ Mt → M̄t   is an embedding. Therefore, 
if (i) occurs,  M  is homeomorphic to  ℝn  and  f  is a proper embedding. In particular, 
if  M̄ = �n,  then  M  has necessarily a top end, since the region bounded by two normal 
sections of  ℝ ×� 𝕊

n  is compact.
If (ii) holds, then we can argue just as in the proof of Theorem 1 to conclude that  �  has 

precisely two critical points, giving that  M  is homeomorphic to  �n. 
Finally, let us assume that (iii) holds and then derive a contradiction. Reasoning as in 

the proof of Theorem 1, it suffices to prove that  Mt∗ ∶= ��  is compact, where  t∗ = sup I. 
As before, we have that   ft∗ ∶ Mt∗ → M̄t∗  is a proper embedding. If  M̄n = �n,  then  M̄t∗  

is a sphere, which implies that  Mt∗  is compact, since   ft∗  is proper. Hence, (iii) does not 
hold if  M̄n = �n.

Let us suppose now that  M̄n  is a Hadamard manifold. Under this hypothesis, we shall 
prove that the projections of   f (�t)   to   M̄t∗   are uniformly bounded, which will imply 
that  Mt∗  is compact. In our reasoning, we will use some ideas contained in Currier’s proof 
of his [8, Theorem A].

⟨𝛼ft (X,X), 𝜂⟩ =
1√

1 − 𝛩2

⟨∇̄XX,N − 𝛩𝜕t⟩ =
1√

1 − 𝛩2

⟨∇̄XX,N⟩

=
1√

1 − 𝛩2

(⟨�∇XX,N⟩ + 𝜙𝛩⟨X,X⟩),

⟨�ft (X,X), �⟩ =
1√

1 − �2

(⟨�(X,X),N⟩ + ��⟨X,X⟩) ≥ 0,
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Let   𝜋 ∶ ℝ ×𝜚 M̄
n
→ M̄t∗   be the projection onto   M̄t∗ .   Given   t   in   (0, t∗),   

set  𝛺∗
t
= 𝜋(f (𝛺t)) ⊂ M̄t∗ ,   consider a boundary point   x∗ ∈ ��∗

t
,   and let   x ∈ cl�t   be 

such that  �(f (x)) = x∗.   Then, choose  t0 ∈ (0, t∗),    t0 < t,   in such a way that the angle 
function   �   is positive in   cl�t0

   (notice that   �(x0) = 1 ). In this setting, we have 
either   x ∈ ��t = Mt   or   x ∈ �t.   In the latter case, it is clear that the horizontal geo-
desic (i.e., parallel to  �t ) through   f(x)   is tangent to  M,     that is,  �(x) = 0.   So, in any 
case,  x ∉ cl�t0

  (Fig. 5).
Let  � ∶ [0, T + �] → M,    𝛿 > 0,   be an arc-length parametrization of the trajectory 

of  grad �  through  x  satisfying  �(0) ∈ Mt0
  and  �(T) = x.  Write

where  �  is defined as in (18). We remark that  b  is a positive function, since  �′  is parallel 
to  grad �.  Also, it is easily seen that, along  �,   N = b� − a�t.  So,

From this, equality (14), and inequality (17), we have

which implies that  a  is increasing.
Let us show now that a(T) ≤ 0.   Indeed, if x = �(T) ∈ �t , as we know, 

a(T) = −�(x) = 0. So, we can assume  x ∈ ��t = Mt  and  a(T) ≠ 0.  In this case, denoting 
by  K  the convex set bounded by   f (Mt)  in  M̄t , and setting  K∗ ∶= 𝜋(K) ⊂ M̄t∗ ,  we have 
that  x∗ ∈ ��∗

t
∩ �K

∗.  Clearly,  K∗  is compact, and  �∗�(x)  is orthogonal to  �K∗,  point-
ing inward  K∗.  Furthermore,   f (cl�t)  separates  M̄n × [0, t],  for   f |cl�t

  is an embedding. 
Hence, a horizontal geodesic through any point in  K∗  necessarily reaches   f (�t) , which 
yields  K∗

⊂ 𝛺∗
t
  (see Fig. 5).

Consider the projection  �(s) ∶= �(f (�(s)))   of   f◦�   to   M̄t∗ .   Since  ��(T) = a(T)�

∗�(x) ≠ 0,  one has that  �  is transversal to  �K∗  (and then to  ��∗
t
 ) at  �(T) = x∗.  There-

fore, the part of  �   inside (respectively, outside)  K∗   is the projection of a part of   f◦�   
inside (respectively, outside)   f (�t) , that is,  �(s) ∈ K

∗  for all small  s < T   and  �(s) ∉ K
∗  

for  s > T .  This gives that the velocity vector  ��(T)  points outward  K∗  at  �(T) = x∗,  that 
is,  0 > ⟨𝜎�(T),𝜋∗𝜂(x)⟩ = a(T),  as claimed.

Since  a   is increasing and both  a(0)  and  a(T)  are nonpositive, we have that  a ≤ 0   
in  [0, T].  But  a2 + b2 = 1.  Hence,  aa� + bb� = 0,  which implies that  b′ ≥ 0  in  [0, T],   
for  b > 0.  Therefore,  b  is nondecreasing. So, if we set

we have that  b = ⟨𝜑�, 𝜕t⟩ ≥ 𝜆 > 0.  Thus,

and so, the following inequalities hold:

�
�(s) = a(s)�(�(s)) + b(s)�t, s ∈ [0, T + �],

a(s) = −�(�(s)), s ∈ [0, T + �].

(19)a� = ⟨A grad 𝜉,𝜑�⟩ + 𝜙𝛩⟨grad 𝜉,𝜑�⟩ = ‖grad 𝜉‖
�
⟨A𝜑

�,𝜑�⟩ + 𝜙𝛩⟨𝜑�,𝜑�⟩
�
> 0,

� ∶= inf
Mt0

�
grad �

‖grad �‖ , �t
�
,

t − t0 = �(�(T)) − �(�(0)) =
�

T

0

(�◦�)�(s)ds =
�

T

0

⟨grad �,��⟩ds =
�

T

0

b(s)ds ≥ T�,
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Now, set  t(s) ∶= �(�(s)), s ∈ [0,T + �],  and notice that

Since  ��(s) = a(s)�∗�(�(s))  and  ‖𝜂(𝜑(s))‖M̄ = ‖𝜋∗𝜂(𝜑(s))‖M̄ ,  we have

where  � = inf �|[t0,t∗]. 
Therefore, denoting the length of  �  from  0  to  T  by  L(�),  considering (20), and tak-

ing into account that  a =
√
1 − b2 ≤

√
1 − �2,  one has

It follows that each point   x∗ ∈ ��∗
t
   can be joined to a point of  �(f (�t0

))   by a curve 
whose length is bounded by a constant independent of   t,     which clearly implies 
that  �∗

t
= �(f (�t))  is uniformly bounded. Consequently,  �(f (�))  is bounded in  M̄t∗ .  In 

(20)T ≤
t − t0

𝜆
<

t∗ − t0

𝜆
⋅

1 = ‖𝜂(𝜑(s))‖ = 𝜚(t(s))‖𝜂(𝜑(s))‖M̄ .

‖𝜎�(s)‖ = 𝜚(t∗)�a(s)�‖𝜂(𝜑(s))‖M̄ =
𝜚(t∗)

𝜚(t(s))
�a(s)� ≤ 𝜚(t∗)

𝜇
�a(s)�,

L(𝜎) =
�

T

0

‖𝜎�(s)‖ds ≤ 𝜚(t∗)

𝜇 �

T

0

�a(s)�ds <
𝜚(t∗)(t∗ − t0)

𝜆𝜇

√
1 − 𝜆2.

Fig. 5  Projection of f (�t) to M̄t∗
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particular,  Mt∗   is bounded, and so is compact, as we wished to show. This fact, as we 
pointed out, leads to a contradiction and then finishes the proof of the theorem.   ◻

Remark 4 Under the conditions of Theorem 4, consider the case when  M̄n  is a Hadamard 
manifold  H n,   and assume further that the warp function  �   is convex, that is,  �′′ ≥ 0.   
Then, in addition to the conclusions of the theorem, one has: 

a) f(M)  bounds a convex set in  ℝ ×� H
n.

b) When  M  is homeomorphic to  ℝn,  f  has a bottom or a top end, and  f(M)  is a horizontal 
geodesic graph over an open set of a vertical section of  ℝ ×� H

n.

Indeed, by  [5, Theorem  7.5] (see also  [5, Remark 7.7]), the convexity of   �   implies 
that  ℝ ×� H

n  is a Hadamard manifold. This fact, as can be easily seen, allows us to mimic 
the first part of the proof of Theorem 1 and, then, get (a) and (b).
Proof of Theorem  5 As in the proof of Theorem  3, it follows from the compacity of the 
vertical sections of  ℝ ×� 𝕊

n,  the properness of  f,   and the absence of critical points of its 
height function that there exists a family of vertical sections,

such that  M =
⋃

Mt , and  Mt  is compact and connected for all  t ∈ ℝ.

Also, by Lemma 3 and do Carmo –Warner Theorem, for all  t ∈ ℝ,   Mt  is homeomor-
phic to  �n−1,    ft  is an embedding, and   f (Mt)  bounds a convex set in  �t . Thus, the hyper-
surface  f  itself is an embedding and  M  is homeomorphic to  𝕊n−1 ×ℝ.

Let us assume now that  M  has nonnegative sectional curvature. Since  M  is noncom-
pact and not homeomorphic to  ℝn,   Perelman Soul Theorem gives that, for all   x ∈ M,   
there exist orthonormal vectors  X, Y ∈ TxM   satisfying  K(X, Y) = 0.   Then, considering 
equality (16), we have

for  detA
XY
≥ �2,  by the �-convexity of  f  (see (9)).

Therefore, the inequality

holds and yields  L(�) ≤ 0,  since  ‖�
XY
grad �‖ ≤ 1. 

From (21), we also have that  ‖grad �‖ = 1  if  L(�) = 0  on  ℝ.  In this case,  grad � = �t  
on all of   M.   In particular,  ⟨N, �t⟩ = 0.   Differentiating this equality and considering 
(13), we easily conclude that  A�t = 0.  This, together with the �-convexity of  f,   implies 
that  � = 0  on  ℝ  and, then, that  �  is constant.   ◻

In conclusion, we point out the following property of �-convex hypersurfaces:

Proposition 1 If f ∶ Mn
→ ℝ ×� ℚ

n
�
 is �-convex, M has sectional curvature K ≤ �∕�2, 

and  L(𝜚) > 𝜖 on  M,   then each connected component of  f(M) is contained in a vertical 
section of  ℝ ×� ℚ

n
�
.

ft ∶ Mt ⊂ M → 𝕊t ∶= {t} ×𝜚 𝕊
n, t ∈ ℝ,

0 =

�
1

�2
− �

2

�
+

L(�) − 1

�2
‖�

XY
grad �‖2 + detA

XY

≥
1

�2
+

L(�) − 1

�2
‖�

XY
grad �‖2,

(21)(1 − L(�))‖�
XY
grad �‖2 ≥ 1
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Proof From the hypothesis on  K  and equality (16), one has

which implies that  �
XY
grad � = 0∀X, Y ∈ TM,  that is,  grad � = 0  on  M.   ◻

It is easily seen that Proposition 1 applies to the following type of hypersurfaces:

• f ∶ Mn
→ ℝ ×e−t

2∕2 ℝ
n  with  K ≤ 0.

• f ∶ Mn
→ ℝ ×cosh(t∕2) ℍ

n  with  K ≤ −1.
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