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ABSTRACT. Let M1, M2 be disjoint surfaces in R3 or H3 with
(possibly empty) boundaries ∂M1, ∂M2 and bounded mean cur-
vature. We establish a maximum principle at infinity for these
surfaces by proving that under certain conditions on their curva-
tures, M1 and M2 cannot approach each other asymptotically.

1. INTRODUCTION

In the early nineteen fifties, H. Hopf [6] established a general maximum principle
for second order linear elliptic partial differential equations. This principle has
had several important applications to the global theory of hypersurfaces in n-
dimensional Euclidean and hyperbolic spaces. The applications of this principle
give rise to the geometric property that two such hypersurfaces with a specified
type of contact at a given point, actually coincide in a neighborhood of this point
(see Section 2.2 for a precise statement).

Maximum principles at infinity are generalizations of Hopf ’s maximum prin-
ciple for surfaces which have a contact at infinity, in the sense that they are disjoint
and approach each other asymptotically in a specified way that we call ideal contact
at infinity (see Definition 3.1 in Section 3).

A general maximum principle at infinity for surfaces in a complete 3-manifold
with constant sectional curvature can be stated as follows.

Maximum Principle at Infinity. SupposeM1,M2 are two disjoint surfaces with
boundaries ∂M1, ∂M2, immersed in a 3-manifold N3(c) with constant sectional
curvature c. M1 and M2 are said to satisfy the maximum principle at infinity if

dist(M1,M2) = min{dist(M1, ∂M2),dist(M2, ∂M1)},

where dist stands for the distance function in N3(c).
Langevin-Rosenberg [8], Meeks-Rosenberg [13] and Soret [15] obtained sev-

eral versions of the maximum principle at infinity for minimal surfaces in complete
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flat 3-manifolds (c = 0) and many of these results have had important applications
to the global theory of minimal surfaces (cf. [9] and [12]).

In [4], the first author established a maximum principle at infinity for sur-
faces with nonzero constant mean curvature which are properly embedded in the
Euclidean space R3. For this result, it was assumed that:

(1) The surfaces have bounded Gaussian curvature;
(2) One of the surfaces is parabolic (full harmonic measure on its boundary);
(3) The surfaces have an ideal contact at infinity.

In the present paper, we improve the result in [4] mentioned above, by proving a
maximum principle at infinity for surfaces M1, M2 with boundary and bounded
mean curvature, with M1 properly embedded in R3 and M2 properly immersed in
R3. It is also assumed that M1 has bounded Gaussian curvature, M2 has an ideal
contact at infinity withM1, and the mean curvature functions ofM1 andM2, HM1 ,
HM2 satisfy |HM2| ≤ c0 ≤ HM1 , c0 > 0 (Theorem 3.2, Section 3).

As an application of Theorem 3.2, we prove that ifM1 is a properly embedded
surface in R3 without boundary, bounded mean curvature HM1 ≥ c0 > 0 and
bounded Gaussian curvature, then any other properly immersed surface M2 in R3

with empty boundary and mean curvature satisfying |HM2| ≤ c0, does not lie on
the mean convex side of M1 (Theorem 3.4, Section 3).

Lately, there has been a growing interest in surfaces in hyperbolic space (cf.
[3], [7] and the references therein). As seen in the literature, the theory of prop-
erly embedded surfaces of (not normalized) mean curvature greater than 2 in hy-
perbolic space H3 is akin to the theory of nonzero mean curvature surfaces in
R3. In Section 4 we extend Theorem 3.2, as well as Theorem 3.4, to surfaces of
(bounded) mean curvature greater than 2 in H3. It should be remarked that, as far
as we know, there has not been established any maximum principle at infinity for
such surfaces in H3.

2. NOTATION AND PRELIMINARIES

2.1. Notation. Given a smooth oriented surface M ⊂ R3, we define on M
the mean curvature function and the mean curvature vector respectively by

HM = k1 + k2 and HM = HMN,

where ki, i = 1, 2, are the principal curvatures of M, and N is the unit normal
field on M.

We will write dist for the distance function in R3 and distM for the intrinsic
distance function on M.

Nε(M) will denote the closed ε-disk bundle of the normal bundle of M and,
if M has nowhere vanishing mean curvature, N∗ε (M) will denote the set of points
(p,v) in Nε(M) such that 〈H(p), v〉 ≥ 0, where 〈, 〉 is the canonical metric in
R3.
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2.2. Hopf ’s maximum principle for the mean curvature equation. We will
recall here Hopf ’s maximum principle for the mean curvature equation, which is
frequently used throughout the paper.

SupposeM1 andM2 are two smooth oriented surfaces of R3 which are tangent
at an interior point p and have at p the same oriented normal. In this case, we say
that M1 and M2 have a contact at p, and we say that M1 lies above M2 near p, if
when we expressMk, k = 1,2, as graphs of functions fk over the common tangent
plane through p, we have f1 ≥ f2 in a neighborhood of p.

Maximum Principle (Hopf). Let M1 and M2 be oriented surfaces in R3 which
have a contact at a point p. Then, if HM1 ≤ HM2 near p, it is not true that M1 lies
above M2, unless M1 coincides with M2 near p.

2.3. The 1-parameter family of nodoids. We shall briefly recall some prop-
erties of the 1-parameter family of immersed Delaunay surfaces known as nodoids.
These properties will play a fundamental role in barrier type constructions in the
proof of the maximum principle at infinity. For further details and proofs, we refer
to Section 3 of [10].

A nodoid is a rotational symmetric surface immersed (not embedded) in R3

whose generating curve is a roulette of a hyperbola.
Given H > 0, one proves that there is a 1-parameter family {Nt, t > 0} of

nodoids of constant mean curvature H. Moreover, for each t, there is a catenoid-
shaped piece N̂t of Nt , which is contained in a slab St determined by two parallel
planes P1(t), P2(t) (Fig. 2.1). Write dt for the distance between P1(t) and P2(t)
and let P0 be the plane parallel to P1(t) and P2(t), equidistant to P1(t) and P2(t).
Then, for each t, one has (cf. Proposition 1 in [10]):

(i) N̂t is tangent to P1(t) and P2(t);
(ii) N̂t is symmetric with respect to P0(t);

(iii) N̂t intersects P0(t) in a circle of radius t;
(iv) The mean curvature vector of N̂t points outward from the bounded domain

determined by the slab St and N̂t ;
(v) N̂t lies in the convex hull of its boundary;

(vi) limt→0 dt = 0.

3. THE EUCLIDEAN CASE

In the proof of the main theorem of this section, we shall use the following result
due to A. Ros and H. Rosenberg [14].

We will refer to it as the Ros-Rosenberg Theorem.

Theorem (Ros-Rosenberg). Let M be a complete stable nonzero constant mean
curvature surface in R3 with nonempty boundary. Then, there exists a constant C > 0
such that, for all p ∈M,

distM(p, ∂M) < C.
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Definition 3.1. Let M1 be a surface which is properly embedded in R3 and
whose mean curvature function is positive. We say that a surface M2 in R3 has an
ideal contact at infinity with M1, if M1 and M2 are disjoint and there are sequences
of interior points pn ∈M1, qn ∈ M2 and λn > 0 with

dist(pn, qn)→ 0 and qn − pn = λnHM1(pn).

Theorem 3.2. Let M1 be a surface with boundary ∂M1 and bounded Gaussian
curvature, which is properly embedded in R3 and whose mean curvature satisfies c0 ≤
HM1 ≤ c1, c0, c1 > 0. Assume M2 is a surface with boundary ∂M2, which is properly
immersed in R3 and such that |HM2| ≤ c0. Then, if M2 has an ideal contact at
infinity with M1, one has

min{dist(M1, ∂M2),dist(M2, ∂M1)} = 0.

The ideal contact at infinity extends to asymptotic surfaces the concept of
contact at a point given in Section 2.2. Example 3.3 below shows that Theorem
3.2 does not hold without this assumption. We would like to thank the Referee
for rephrasing our first definition of ideal contact at infinity and making it more
appropriate to the context.

Example 3.3. Let M1 be the cylinder M1 = {(x,y, z) | x2 + y2 = 1, z >
z0} and M2 the surface of revolution obtained by rotating the curve α(t) =
(t,0,1/(t − 1)), 1 < t < t0, about the z axis. Since there are no p ∈M1, q ∈ M2
nor λ > 0 such that q−p = λHM1(p),M2 does not have an ideal contact at infinity
withM1. On the other hand, it is easily seen thatM1 andM2 are disjoint,HM1 = 1,
|HM2| < 1, and 0 = dist(M1,M2) < min{dist(M1, ∂M2),dist(M2, ∂M1)}.

Proof of Theorem 3.2. After possibly rescaling the metric of R3, we can as-
sume c0 = 1.

Suppose the theorem is false, i.e.,

d = min{dist(M1, ∂M2),dist(M2, ∂M1)} > 0.
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The idea of the proof is to replace M2 by a stable constant mean curvature 1
surface M, and then derive a contradiction by using the Ros-Rosenberg Theorem.
Since the mean curvature and the Gaussian curvature of M1 are bounded, M1 has
bounded second fundamental form. Thus, for ε small, there are no focal points
of M1 within a distance ε from M1, which implies that the exponential map from
N∗ε (M1) to R3 is a submersion. Assume that ε < d.

We will work in N∗ε (M1) with the flat metric induced from the exponential
map and with M1 considered to be its zero section. We shall also denote by M2 ⊂
N∗ε (M1) the pull back of the surface M2 ⊂ R3 via the exponential map. Notice
that M2 ⊂ N∗ε (M1) has nonempty interior since M2 ⊂ R3 has an ideal contact at
infinity with M1.

Let π : M̃1 → M1 be the universal covering space of M1 and endow M̃1 with
the metric induced by π . Pull back, via π , the disk bundle N∗ε (M1) to obtain the
disk bundle N∗ε (M̃1), and let M̃2 ⊂ N∗ε (M̃1) be the lifting of M2 ⊂ N∗ε (M1) to
N∗ε (M̃1). It is easily seen that dist(M̃1, M̃2) = dist(M1,M2) and dist(M̃i, ∂M̃j) =
dist(Mi, ∂Mj), i, j = 1, 2; i 6= j. From these considerations, we may assume M1
is simply connected.

Choose a positive δ < ε/2 such that δ is less than the intrinsic injectivity
radius of M1 and write M1(δ) = {p ∈ M1 | distM1(p, ∂M1) ≥ δ}. Given p ∈
M1 −M1(δ) satisfying dM1(p, ∂M1) = δ/2, let Dp be the intrinsic disk of radius
δ/4 on M1 centered at p, and D+p ⊂ N∗ε (M1), the δ/k graph over Dp, k a fixed
positive integer. For δ small and k large, we have that for any p as above, there
exist simple Jordan curves σp ⊂ Dp, σ+p ⊂ D+p bounding an annulus N (p) in
N∗ε (M1), which approximates a piece of a nodoid of constant mean curvature
greater than 1 that satisfies properties (i)-(vi) in Section 2.3.

Therefore, by construction, N (p) has mean curvature greater than 1 and
mean curvature vector pointing outward from the domain in N∗ε (M1) bounded
by the disks Dp, D+p and N (p) (Fig. 3.1). Moreover, the convex hull property
(v) and the choice of small δ imply N (p) is disjoint from M2.

We will now proceed to construct the stable constant mean curvature 1 surface
M mentioned above, by using parts of M1, M2 and N = ⋃pN (p) as barriers for
the Plateau problem for surfaces of constant mean curvature 1.

Let Ω be the closure of a connected component of N∗δ/k(M1) − M2 whose
boundary intersects the interiors of M1 and M2, and denote by M̂2 the part of M2
contained in ∂Ω.

Let Ω̂ be the closure of the component ofΩ−N that contains M̂2 and consider
in Ω̂ an exhaustion {Ω̂i} by relatively compact domains, that is, Ω̂1 ⊂ Ω̂2 ⊂ · · · ⊂Ω̂i ⊂ · · · and

⋃
i Ω̂i = Ω̂.

Let Ai ⊂ M1, Bi ⊂ M̂2, Ci ⊂ N be relatively compact domains such that
Ai = ∂Ω̂i ∩M1, Bi = ∂Ω̂i ∩ M̂2, Ci = ∂Ω̂i ∩N and assume that, for all i, Ai, Bi
are nonempty and that {Bi} is an exhaustion of M̂2.
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FIGURE 3.1.

In the case M̂2 has constant mean curvature 1, we will assume that the domains
Bi are unstable, otherwise we would set M = M̂2.

For each i, consider in Ω̂i the Plateau problem for surfaces of constant mean
curvature 1 and boundary Γi = ∂Bi ⊂ M̂2. Set Ui = Ai ∪ Bi ∪ Ci ⊂ ∂Ω̂i and
notice that we can choose Vi = ∂Ω̂i − Ui in such a way that HVi > 1. In the
appendix, Section 5, we prove that ∂Ω̂i is a good barrier for this Plateau problem,
i.e., for each i, there exists a constant mean curvature 1 surface Si ⊂ Ω̂i, such
that ∂Si = Γi. Also, since Si is homologous to Bi rel (Γi), if γ is a path in Ω̂1
joining a point in A1 to a point in B1, separation properties imply that γ has odd
intersection number with Si.

Thus, standard compactness and regularity results yield a subsequence of Si
that converges to a surface S in Ω̂, disjoint from N and M1(δ), such that away
from ∂Ω̂, S is a properly embedded stable constant mean curvature 1 surface.

Therefore, there is an η, 0 < η < δ/k, such that the region between M1 and
M1+η in N∗ε (M1) intersects S in a properly embedded stable constant mean cur-
vature 1 surface M. By Berárd-Hauswirth’s curvature estimate for stable constant
mean curvature surfaces [2], M has bounded Gaussian curvature away from its
boundary. Hence, by considering the part ofM in the region betweenM1 andM1+
η′ in N∗ε (M1), η′ < η, we can assumeM has bounded Gaussian curvature. Notice
also that, by construction, dist(M,M1) < min{dist(M, ∂M1),dist(M1, ∂M)}.

After performing a suitable translation of M in N∗ε (M1) (of magnitude
dist(M,M1)), we will have dist(M,M1) = 0 and M ∩ M1 = ∅. Otherwise, M
and M1 would have a contact at an interior point p ∈ M ∩ M1 with M above
M1 in the orientation given by HM1 . By Hopf ’s maximum principle, this contact
would imply that M and M1 coincide along a curve joining p to the boundary of
M or M1, which clearly is a contradiction.
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M and M1 have bounded second fundamental form, so there is an r > 0 such
that for each p ∈ M, q ∈ M1, sufficiently away from ∂M, ∂M1, respectively, M
and M1 are locally graphs of C1-uniformly bounded functions defined on disks of
radius r in TpM and TqM1, centered at the origin. We will refer to these local
graphs as r -graphs.

Let pn ∈ M, qn ∈ M1 be sequences of interior points in M and M1 such that
dist(pn, qn)→ 0. Notice that since min{dist(M, ∂M1),dist(M1, ∂M)} > 0, for all
n, pn and qn are away from ∂M and ∂M1, respectively. Fix a point O ∈ N∗ε (M1)
and, for each n, let ϕn be the translation in N∗ε (M1) that maps pn to O. Passing
to a subsequence, if necessary, we can assume the tangent planes of ϕn(M) at O
converge to a plane Π containing O. Then, for large n, the r -graphs of ϕn(M)
at O will be graphs of constant mean curvature 1 over the disk D of radius r/2 inΠ, centered at O. Due to uniform curvature and area bounds, these graphs will
converge to a graph M(∞) over D, O ∈M(∞), with HM(∞) = 1.

Since dist(pn, qn)→ 0, the sequence ϕn(qn)→ O. Thus, applying the same
reasoning to the local graphs of ϕn(M1) at qn, we obtain a graph M1(∞) over
D, O ∈ M1(∞), such that HM1(∞) ≥ 1 and with M(∞) above M1(∞) in the
orientation given by HM1(∞). We remark that the convergent plane Π is the same
for M(∞) and M1(∞) as M and M1 are disjoint. Therefore, Hopf ’s maximum
principle gives M(∞) = M1(∞), which implies that the r -graphs of M at pn
approach asymptotically M1.

Now, for each pn ∈ M, consider a minimizing geodesic γn from pn to
∂M and notice that, by Ros-Rosenberg Theorem, the length of γn is uniformly
bounded. Let p̄n ∈ γn be a point on the geodesic γn that belongs to the bound-
ary of the r -graph of M at pn. As before, the r -graphs of M at p̄n will approach
asymptoticallyM1. Since the length of γn is uniformly bounded, by repeating this
reasoning (choosing at each step p̄n closer to ∂M) we will eventually reach ∂M,
which implies dist(∂M,M1) = 0 and gives the desired contradiction. ❐

Let M be a surface without boundary, which is properly embedded in R3. In this
case, M separates R3 into two connected components. If HM > 0, we call mean
convex side of M, the component to which HM points to.

As an application of the maximum principle at infinity established above, we
obtain the following result.

Theorem 3.4. Suppose M1 is a properly embedded surface in R3 without bound-
ary and of bounded Gaussian curvature. Then, if the mean curvature function of M1
satisfies c0 ≤ HM1 ≤ c1, c0, c1 > 0, a surface M2 without boundary, which is properly
immersed in R3 and whose mean curvature satisfies |HM2| ≤ c0, cannot lie on the
mean convex side of M1.

Proof. Suppose M2 is on the mean convex side of M1. If dist(M1,M2) = 0,
it implies that M2 has an ideal contact at infinity with M1. In this case, we can
carry out the reasoning of the proof of Theorem 3.2 and, analogously, derive a
contradiction.
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If dist(M1,M2) > 0, there are sequences pn ∈ M1 and qn ∈ M2, such that
the sequence pn − qn has a subsequence that converges to a vector v ∈ R3 with
‖v‖ = dist(M1,M2). ReplaceM2 byM2 = M2+v and notice that dist(M1,M2) =
0. The previous paragraph implies M1 and M2 cannot be disjoint. Thus, M1 and
M2 are tangent at a point p ∈ M1 ∩ M2, with M2 above M1 in the orientation
given by HM1 . Thus, Hopf ’s maximum principle gives M1 = M2. It means M1

differs from M2 by a translation in R3 of magnitude dist(M1,M2) which, in turn,
implies that M1 and M2 are parallel planes and contradicts HM1 > 0. ❐

Remark. In [14] Ros and Rosenberg have established a maximum principle
at infinity for properly embedded surfaces with constant mean curvature in R3

which is similar to Theorem 3.4 above. It should be remarked that in their result
none of the surfaces is assumed to have bounded Gaussian curvature.

4. THE HYPERBOLIC CASE

In the proof of the maximum principle at infinity given in Section 3, we have used
some results established for surfaces in Euclidean space R3, like the Ros-Rosenberg
Theorem, Hopf ’s maximum principle and the curvature estimate of Bérard and
Hauswirth [2].

It turns out that all these results have analogous versions for surfaces of mean
curvature greater than 2 in hyperbolic space H3. In particular, the following ex-
tension of the Ros-Rosenberg Theorem was obtained in [5].

Theorem 4.1 (de Lima). Let M be a complete stable surface of constant mean
curvatureH > 2 inH3 with possibly nonempty boundary. Then, there exists a constant
C > 0 such that, for all p ∈M,

distM(p, ∂M) < C.

In addition, the construction carried out in the appendix, Section 5, can be
easily adapted to surfaces in H3 (cf. [1]). Therefore, one can mimic the proof
of Theorem 3.2 and obtain a maximum principle at infinity for surfaces in H3 as
stated below. The notation is the same as in Section 2 and Section 3, with R3

replaced by H3.

Theorem 4.2. Let M1 be a surface with boundary ∂M1 and bounded Gaussian
curvature, which is properly embedded in H3 and whose mean curvature satisfies 2 <
c1 ≤ HM1 ≤ c2, c1, c2 ∈ R. Assume M2 is a surface with boundary ∂M2, which is
properly immersed in H3 and such that |HM2| ≤ c1. Then, if M2 has an ideal contact
at infinity with M1, one has

min{dist(M1, ∂M2),dist(M2, ∂M1)} = 0.

As in the Euclidean case, we can apply Theorem 4.2 and obtain the following
result.
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Theorem 4.3. Suppose M1 is a properly embedded surface in H3 without bound-
ary and of bounded Gaussian curvature. Then, if the mean curvature function of M1
satisfies 2 < c1 ≤ HM1 ≤ c2, c1, c2 ∈ R, a surface M2 without boundary, which is
properly immersed in H3 and whose mean curvature satisfies |HM2| ≤ c1, cannot lie
on the mean convex side of M1.

Proof. SupposeM2 is on the mean convex side ofM1. If dist(M1,M2) = 0, we
can apply the reasoning of the proof of Theorem 4.2 and derive a contradiction.

If dist(M1,M2) > 0, as in the Euclidean case, we may replace M2 by a surface
M2 with dist(M1,M2) = 0, obtained by a suitable hyperbolic translation of M2

of magnitude dist(M1,M2). The first paragraph implies M1 and M2 must have
a contact at a point p and, by Hopf ’s maximum principle, M1 = M2. It means
M1 and M2 differ in H3 by a hyperbolic translation of magnitude dist(M1,M2).
It is easily seen that it implies M1 and M2 are either totally geodesic planes or
horospheres of H3. In both cases it contradicts M1 has mean curvature greater
than 2. ❐

5. APPENDIX

Let M1, M2 ⊂ R3 be two complete smooth disjoint surfaces in R3 and A ⊂ M1,
B ⊂ M2, relatively compact domains in M1 and M2 respectively. Let Ω ⊂ R3 be a
relatively compact domain in R3 such that ∂Ω = A ∪ B ∪ C, C a surface in R3,
disjoint from A∪ B.

Suppose that HA ≤ −1, HB ≤ 1 and HC < −1, with respect to the outward
normal of Ω and assume Γ = ∂B ⊂ M2 smooth. We want to prove that there exists
a constant mean curvature 1 surface S ⊂ Ω̄ with ∂S = Γ , such that S is disjoint
from ∂Ω, unless S = B. In this case we say that ∂Ω is a good barrier for this
Plateau problem. The existence of such an S is a consequence of the following
general fact.

Given a compact oriented surface M ⊂ R3, let ϕt : Nε(M) → R3 be the flux

ϕt(p) = p + tN(π(p)), p ∈ Nε(M), t ∈ (−δ,δ),

where π : Nε(M) → M is the normal projection from Nε(M) to M, N is the unit
normal field of M and ε, δ are assumed to be small enough so that ϕt is well
defined.

Given p ∈ Nε(M), let v1, v2 be nonparallel vectors in Tp(Nε(M)) ≈ R3 and
denote by P the parallelogram determined by v1 and v2. Let P be the plane of
R3 through ϕt(p) and orthogonal to N(π(p)). Denote by P∗ the parallelogram
determined by ϕt∗(p).v1, ϕt∗(p).v2 and let P>∗ be the projection of P∗ to P. A
straightforward calculation gives

(5.1) Area(P>∗ )− Area(P) ≤ −tHM(π(p))Area(P)+O(t2).

We now prove the existence of the surface S mentioned above.
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Consider a relatively compact domain B′ ⊂ M2 with B ⊂ B′ and a small ε > 0
such that the sets B(r) = {p ∈ R3 | dist(p, B′) = r} ∩ Ω, 0 ≤ r ≤ ε, define a
smooth foliation of Nε(B′)∩Ω. Assume also that ε is small enough so that for all
r ∈ (0, ε], Γ(r) = ∂B(r) ⊂ ∂Ω is smooth.

CallUB(r) the connected component ofΩ determined by B(r)whose bound-
ary intersects B. Let W ⊂ UB(r) be a compact domain such that ∂W = Σ ∪ Σr ,Σ, Σr smooth, and Σr ⊂ B(r). We claim that if r is sufficiently small, then the
volume V enclosed by W satisfies

(5.2) V ≥ Area(Σr )− Area(Σ),
which is trivial if Area(Σr ) ≤ Area(Σ). So, assume that Area(Σr ) > Area(Σ).

Let f be the distance function from Σr to Σ and denote by Σ′ ⊂ Σ the graph
of f in the normal bundle of Σr in R3, i.e., Σ′ is the image of Σr by the map

F :

{ Σr → R3,
p → p + f(p)ν(p),

where ν is the unit normal field of Σr pointing into W . It suffices to prove

(5.3) V ′ ≥ Area(Σr )− Area(Σ′),
where V ′ is the volume of the region W ′ ⊂ W determined by Σr and Σ′ in the
normal bundle of Σr in R3 (Fig. 5.1).

Denote respectively by dΣr , dΣ′ the area element of Σr and Σ′. Since we
are assuming HB ≤ 1 and Area(Σr ) > Area(Σ), it follows from (5.1) that for all
p ∈ Σr and v1, v2 ∈ TpΣr one has

dΣr (p)(v1, v2)− dΣ′(F(p))(F∗v1, F∗v2) < f(p)dΣr (p)(v1, v2)+O(r 2),

which, for small r , implies (5.3) and proves the claim.
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Analogously, define the sets A(r), UA(r) and consider a domain W̃ ⊂ UA(r)
such that ∂W̃ = Σ̃ ∪ Σ̃r , Σ̃, Σ̃r smooth and Σ̃r ⊂ A(r). Then, since HA ≤ −1, a
reasoning similar to the one in the previous paragraphs gives

(5.4) Area(Σ̃)− Area(Σ̃r ) ≥ Ṽ ,
where Ṽ is the volume enclosed by W̃ .

Now, for each r set U(r) = UA(r)∪UB(r), Ω(r) = Ω− U(r).
Consider compact domains Q ⊂ Ω such that ∂Q = Σ ∪ B(r), where Σ is an

oriented surface with ∂Σ = ∂B(r) = Γ(r). Consider in B(r) the orientation given
by the outward normal of Ω(r) and let J denote the functional on (Q, ∂Q),

(5.5) (Q, ∂Q)→ Area(Σ)+Vol(Q),

where Vol(Q) denotes the algebraic volume ofQ in the given orientation of B(r),
i.e., Vol is positive inside UB(r) and negative outside UB(r). It is well known
that J attains a minimum in a region Q(r) with ∂Q(r) = S(r) ∪ B(r) and the
smooth points of S(r) have constant mean curvature 1 (see [1, 11]).

Let Qi be a sequence of regions in Ω with ∂Qi = Σi ∪ B(r) and Qi → Q(r).
From the claim above, we can assume that Qi does not intersect U(r). Indeed, if
Qi intersected U(r), we could replace Qi by a region Q̃i ⊂ Ω(r) by cutting off
the pieces of Qi inside U(r) (Fig. 5.2). Then, inequalities (5.2) and (5.4) would
give J(Q̃i) ≤ J(Qi), which implies J(Q̃i)→ J(Q(r)) as i→ ∞.
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FIGURE 5.2.

Therefore, S(r) ⊂ Ω(r). Furthermore, since S(r) minimizes J in Ω, this
together with regularity results ([1,11]) imply that S(r) is smooth away from ∂Ω.
Now, C is known to be a good barrier for HC < −1, which implies that S(r) and
C are disjoint and S(r) is smooth.

Since Γ(r) → Γ and B(r) → B as r → 0, by standard compactness results,
there is a subsequence of S(r) that converges to a smooth constant mean curvature
1 surface S in Ω̄ with ∂S = Γ .

Observe that by continuity, the domain Q′ ⊂ Ω̄ bounded by S and B is a
minimum for the functional J given by (5.5), defined on domains Q ⊂ Ω with
∂Q = Σ∪ B, Σ an oriented surface with ∂Σ = ∂B = Γ .
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It remains to prove that S does not intersect ∂Ω, unless S = B.
Since A and B are disjoint, HA ≤ −1 and HC < −1, by Hopf ’s maximum

principle S is disjoint from A∪ C.
Now, suppose S and B have a contact at an interior point p ∈ S ∩ B and

notice that, in this case, the mean curvature vector of S at p points outward
from Ω. Otherwise, since variations in the direction of the mean curvature vector
decrease area and Vol is negative inside Ω, we could strictly reduce J by varying
in Ω a neighborhood U of p, U ⊂ S. Since HB ≤ 1 = HS , Hopf ’s maximum
principle implies S = B; as desired.
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[12] WILLIAM H. MEEKS III, Joaquı́n PÉREZ, and Antonio ROS, Uniqueness of the Riemann mini-
mal examples, Invent. Math. 133 (1998), 107–132,
http://dx.doi.org/10.1007/s002220050241. MR 99b:53013

[13] WILLIAM H. MEEKS III and HAROLD ROSENBERG, The maximum principle at infinity
for minimal surfaces in flat three manifolds, Comment. Math. Helv. 65 (1990), 255–270. MR
91d:53011

[14] ANTONIO ROS and HAROLD ROSENBERG, Properly embedded surfaces with constant mean
curvature (preprint).

[15] MARC SORET, Maximum principle at infinity for complete minimal surfaces in flat 3-manifolds,
Ann. Global Anal. Geom. 13 (1995), 101–116. MR 96j:53007

RONALDO F. DE LIMA:
Departamento de Matemática
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