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Rotators-translators to mean curvature flow in H? x R

R.F. DE LiMmA®, A.K. RaMos, AND J.P. DOS SANTOS

Abstract. We establish the existence of one-parameter families of heli-
coidal surfaces of H? x R which, under mean curvature flow, simultane-
ously rotate about a vertical axis and translate vertically.
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1. Introduction. Given an orientable Riemannian 3-manifold M, let G:={T;
t € R} be a one-parameter subgroup of its group of isometries, and denote by
¢ the Killing field determined by G. In this setting, a surface X of M with unit
normal 7 and mean curvature H is called a G-soliton to mean curvature flow
if the equality

H=(n) (1)

holds everywhere on X. It is well known that, under mean curvature flow
(MCF), a G-soliton X moves by the actions of the isometries of G (see, e.g.,
[3]). More precisely, if X;: M — M, t € [0,7), is the MCF in M whose initial
condition X:=Xy(M) is a G-soliton, then Xy (M) =T;(X) for all ¢t € [0,T).

The most considered G-solitons in Euclidean space R3, called translators,
are those whose associated group G of isometries consists of translations in a
fixed direction. There are also the rotators, which are those whose associated
group G consists of rotations of R? about a fixed axis. In [2], Halldorsson
obtained one-parameter families of helicoidal rotators in R3, which are also
translators.

In this note, inspired by Halldorsson’s work, for each h > 0, we establish the
existence of a one-parameter family of helicoidal rotators-translators to MCF
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FIGURE 1. A 1-pitched helicoidal rotator-translator in H? x R
(right) and its generating curve in the Poincaré disk H? (left)

in H? x R of pitch h (see Definition 3 in Sect.?2), where H? is the hyperbolic
plane. The results read as follows.

Theorem 1. For any h > 0, there exists a one-parameter family of complete
rotators to MCF in H? x R which are helicoidal surfaces of pitch h. For each
such surface, the trace of the generating curve in H? consists of two unbounded
properly embedded arms centered at a point o € H?, with each arm spiraling
around o (Fig. 1).

Theorem 2. Let X = X (R?) be a helicoidal surface of pitch h > 0 in H? x R.
Then, X is a rotator to MCF if and only if X is a translator to MCF with
respect to the Killing field & = —h0;, where 0y is the gradient of the height
function of H? x R.

It should be mentioned that helicoidal rotators-translators to MCF have
been considered in other ambient 3-spaces, such as the Heisenberg space Nils
(cf. [4]), and the hyperbolic space H? (cf. [1]).

2. Proof of Theorems 1 and 2. Let L3 = (R3,(,)) be the Lorentzian space,
where

(,) =ds*:=dz? + ds3 — dx3,
and consider the hyperbolic plane H? C L? as
H? = {p € L% (p,p) = 1, (p,e3) <0}

with the induced Riemannian metric, where ez = (0,0,1) € L. In this model,
the tangent plane of H? at p € H? is the subspace {p}* of L3, that is,

T,H? = {w € L (w,p) = 0}.
Consider the product H? x R endowed with its standard metric
< ’ >H2 + dt27

together with its standard embedding in L3 x R. The rotators to MCF we
shall consider are those defined by the one-parameter group G = {T'y; t € R}
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of rotations of H? x R about the axis £:={(0,0,1)} x R C H? x R, that is,

etJ

ry= 1 )
1

where J(z1,72) = (—22,71), (v1,72) € R The Killing field associated to G
is
or
5(19)1:87;&:0(19) = Jn(p), p € H? x R,

where 7(p) denotes the projection of p over R? x {(0,0,0)} C L3.

Therefore, considering equality (1), we have that an oriented surface X of
H? x R with unit normal 7 is a rotator to MCF (with rotation axis ¢) if and
only if its mean curvature function H satisfies

H(p) = (Jm(p),n(p)) Vpe 2. (2)

In order to introduce the helicoidal surfaces of H? x R with axis ¢, consider
a differentiable curve o : I C R — H?, written as

o= (a,d), (3)

where a: I — R? is a regular curve parameterized by arc length, and ¢ is a
differentiable function on the open interval I. Notice that we are identifying
the plane {e3}* C L? with the Euclidean plane R2, so that the local theory of
plane curves in R? applies to . Keeping that in mind, set

T=d and N=JT,

and recall that the curvature of « is the function k:=(a/’, N), which satisfies
the Frenet equations T' = kN and N’ = —kT. We use T and N to define the
following functions, which will play a fundamental role in the sequel:

T.=(a,T) and p:=(a,N). (4)
From the Frenet equations, the derivatives of T and p satisfy:
v=1+kp and p' =-—kt (5)

Definition 3. Given h > 0 and a differentiable curve o = («, ¢) in H?, we call
a parameterized surface ¥ = X(R?) C H? x R a helicoidal surface generated
by o (as in (3)) with pitch h if the parameterization X : R? — H? x R writes
as

X (u,v) = ("’ afu), p(u), hv), (u,v) € R2. (6)

We proceed now by determining the mean curvature function of a helicoidal
surface in terms of its pitch h and the functions T and p defined in (4). For
that, we will use the well known formula that expresses H with respect to the
coefficients of the first and second fundamental forms; namely

B Eg—2fF—|—Ge'
- 2(EG - F?)
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For a parameterization X as in (6), we have

%:f (u,v) = (" T(u),¢'(u),0) and %—f(u,v) = (e"" Ja(u),0,h). (7)
Besides, since o satisfies (0,0) = —1, we have that (o,0’) = 0. Thus, setting
r2:=12 + 12, the following equalities hold true:

$?*=1+7r% and o¢¢ =1 (8)
Therefore, the coefficients of the first fundamental form of X are
E= 1';2,U2’ F=—pu, and G=r%+h%
Also, it is easily seen that a unit normal to X = X (R?) is
m=o(e" (aT +bN), pyc), 0= (a® + b7 — p? +¢*) 7'/, (9)
where a, b, and ¢ are the following functions of wu:
a:=pg’, b::1 J:buQ, and ci=— %/ (10)

Regarding the second derivatives of X, we have
Ko (u,0) = ("7 k(u)N(u), ¢" (u), 0),
X (u,v) = ("7 N(u),0,0), (11)
Xoo(u,v) = (—e a(u), 0,0),
where k is the curvature function of «v. Therefore, the coefficients of the second
fundamental form of X are
e=o(bk —¢"p), f=ob, and g=—o(at+bu),
which implies that the mean curvature H of X at X (u,v) is

_ @bk = ¢"p)(h* +7°) + 2bud® — (at +bp)(1 4 p?)
H=o 2(12 + h2(1 + p?)) ' (12)

By differentiating the second equality in (8), one gets

L1 2\ 1 1+u2>
=—|(1+ku——|=—- [k .
¢<+“¢2) ¢<“+ po

Hence, from (10), we have

L+p?),  p ( 1+ /ﬂ)
bk — ¢y = (7145 — = | kp+
o ) o \FH e
koop(l+p?)
_r_ . 13
¢ ¢ (13)
In addition, a direct computation gives
20p¢* — (at+bp) (1 + p°) = du(1 + p?). (14)
From (12), (13), and (14), we obtain
27 2 2 ,.2 2) 42
g = 2@k —p(L+p7))(A” +17) + p(1 + p7)¢° (15)

¢ 2(7t2 + h2(1 + p?))
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In the next result, we use the above expression of H to ensure the exis-
tence of one-parameter families of complete h-pitched helicoidal surfaces with
prescribed mean curvature functions on R2.

Proposition 4. For any smooth function ¥: R? — R and any constant h > 0,
there exists a one-parameter family of complete helicoidal surfaces of pitch h
in H? x R, each of them with mean curvature function H satisfying

H(X (u,v)) = ¥(t(u), u(w)),

where X is the parameterization given in (6) and T and p are as in (4).

Proof. From equalities (8)—(10), ¢ and p are differentiable functions of T and
u. Hence, considering equality (15) for the given function H = H(t, ) and
solving for k (notice that the coefficient of k in (15) is positive), we have that
k = k(t, i) is a smooth function of (T, u) € R?. Thus, we can apply [2, Lemma
3.2] to conclude that there exists a one-parameter family .# of plane curves
defined on the whole line R, each of them with curvature function k.

Therefore, given h > 0, for any curve o : R — R? of .#, the h-pitched
helicoidal surface of H? x R which is determined by the curve

o= (a,9), ¢=1+|af?

has mean curvature function H = H(t, u), as we wished to prove. O

Suppose that X = X (R?) is a helicoidal surface of pitch h > 0 as in (6).
Then, Jr(X) = e*/Ja and 7 is given as in (9), so that equality (2) takes the
form

H = ot~ aps) = - (16)

Therefore, since p and ¢ are functions of T and p, we have:

Lemma 5. A helicoidal surface X = X(R?) of pitch h > 0 parameterized as
in (6) is a rotator to MCF in H? xR if and only if its mean curvature function
H = H(t, ) satisfies (16).

Now, we are in position to provide the

Proof of Theorem 1. The existence part of the statement follows directly from
Proposition 4 and Lemma 5. To prove the asserted properties of the generating
curve 0 = (o, @), let us first observe that, by (15) and (16), the curvature of
« is the function
. 2T + PP+ )t + (P =)+ p?)p (17)
- L+ r2)(2 + 1)

Then, by combining equalities (5) and (17), one concludes that the functions
T and p are solutions of the following ODE system:
2(t% + R2(1 + p?)) T+ (h% — 1)(1 + p?)p?

1+ )2 +77) |
p_ AR+ )T+ (R =D)L+ pP )T
w= 1+ 12)(h2 + 72)

=1+

(18)
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FIGURE 2. Phase portrait of system (18) for h = 2.

We shall verify the properties of o by establishing the asymptotic behavior
of the solutions (7, i) of (18) as suggested in Fig. 2. This will be done through
the following chain of claims. We note that some of the arguments to prove
such claims are analogous to the ones presented in the proof of Theorem 4.4 of
[1]. Nonetheless, they will be presented for completeness and for the reader’s
convenience as well.

Claim 6. The ODE system (18) has no constant solutions, and all solutions
are defined on R.

Proof of Claim 6. Let us assume, by contradiction, that there exists a constant
solution ¥ (s) = (7o, to), s € R. Since the derivatives of T and p vanish identi-
cally, we have from (5) that ko:=k(7o, o) satisfies kouo = —1 and kotg = 0,
which yields g = 0 and po # 0. But, from the first equation in (18), one has
h2 —1 2 h2 1 2
o WD MUY m) (19)
h? + g h? + pg
which is a contradiction. Hence, the system (18) has no constant solutions.
From this fact, and since k = k(T,u) is defined on R?, we have that any
solution of (18) is defined on R. O

Claim 7. Suppose that for any solution (s):=(T(s), u(s)) of the system (18),
the limit limg_, 4 oo T(S) (resp. lims_, o0 1(8)) exists and satisfies:

lim 7(s) =L (resp. hIJP wu(s)=1L),

s——+o00

where L is independent of ¥ and —oco < L < 400. Then, lims_, o, T(s) (resp.
lim,_, o p(s)) exists and satisfies:

lim t(s) = —L (resp. lim p(s) =—L).
Proof of Claim 7. Let v¢(s):=(t(s), u(s)) be a solution of the system (18).
Then, it is easily checked that 1(s):= — v(—s) is also a solution of that sys-
tem. Setting v = (T, i), we have that T(s) = —1(—s) and fi(s) = —u(—s). By
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hypothesis, lims_. 1o T(s) exists and the first part of the claim follows from
noticing that lims_, o p(s) = —limg_, 4 oo fi(s). The remainder of the proof is
analogous and will be omitted. (]

Claim 8. The function T has precisely one zero sq, being negative in (—oo, so)
and positive in (sg, +00). As a consequence, the function r> = ©2 + u? has a
global minimum and satisfies lim,_, 40 72 = +00.
Proof of Claim 8. Firstly, observe that the equalities (5) give
(r?) = 2(v0 + ') = 2(t(1 + kp) + p(—k7)) = 27,

which implies that the zeroes of T are the critical points of 2. Also, as seen in
the first part of the proof of Claim 6, if T(sg) = 0 for some sg, then T'(sg) > 0,
which implies that T has at most one zero sg, in which case T is negative in
(=00, $p), and positive in (sg, +00).

Now, arguing by contradiction, we assume that T has no zeroes. We will also
assume that T > 0 on R since the complementary case T < 0 can be treated

analogously. Under this assumption, the function r? is strictly increasing. So,
there exists § > 0 such that

lim r%(s) = 4.

In particular, since T = (TTQ)/, we also have that
lim 1(s) =0, (20)

which yields y? — § as s — —oo. However, the first equality in (18) yields
limg_, o T'(s) > 0, which contradicts (20), proving that T has exactly one zero
and that 72 has only one critical point. Consequently, both the limits of 72 as
s — £o0 exist in [0, +00].

To finish the proof of the claim, we just have to observe that if either
lim, , o 7% = § or lims o r? = § for some & > 0, the same arguments as
before lead to a contradiction. Hence, limg_, o, r%(s) = +00. O

Claim 9. The curvature k has at most one zero s1. If so, k is negative in
(=00, 81) and positive in (s1,+00).

Proof of Claim 9. Assume that, for some s; € R, we have k(s1) = 0. Then, by
differentiating (17), we get

o) — 672(s1) + 2h2(1 + p%(s1))
He) = ey 2 )

from which the claim clearly follows. O

Claim 10. The limits of T and p as s — £00 exist (possibly being infinite).

Proof of Claim 10. It follows from Claims 8 and 9 that p/ = —kT has at most
two zeroes. Thus, limg_, 1., 4 are both well defined.

Concerning T, assume by contradiction that its limit as s — +o00 does not
exist. In this case, for some Ty > 0, there exists a strictly increasing sequence
($n)nen diverging to +oo such that (see Fig. 3)

T(sp) =70 and T (sy)T(Sp41) <0 VneN.
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Claim 8 implies that limr?(s,) = 400, and so lim p?(s,) = +occ. In this
case, our previous arguments show that either lim pu(s,,) = +oo or lim pu(s,) =
—o0. However, we have from (17) that (consider the highest powers of pu(sy,)
only)

(h? — Dp(sn)*

2
—h?-1
w0 b

lm(k(sn)p(sn)) = lim

which, together with (5), yields
lim ' (s,) = lim(1 + k(sp)p(sn)) = h? > 0.

It follows from the above inequality that, for any sufficiently large n € N,
T'(sy,) is positive, which contradicts the fact that (T/(s,))nen is an alternating
sequence. Therefore, lims_. 1 o, T(s) exists. Since (T, 1) is an arbitrary solution
of (18), Claim 7 implies that lims_,_, T(s) also exists, thereby finishing the
proof of the claim. O

Claim 11. limg_ 1, T(s) = £oo and limg_, 1o p(s) = Foo.

Proof of Claim 11. By Claim 10, all the limits above exist. Regarding the func-
tion p, assume by contradiction that limg ;.o p(s) = L € R. Under this as-
sumption, we have from Claims 8 and 10 that lims_, o T(s) = +00. Then, it
follows from the second equation in (18) that lims_, o p'(s) = —2 # 0, which
contradicts that L € R.

Suppose now that lims_, 4 o, p(s) = +o00. Then, there exists § € R such that
k > 0 on (8,400). Indeed, assuming otherwise, we have from Claim 9 that k
must be strictly negative in (—oo,+00). In this case, considering the unique
zero sg of T (cf. Claim 8), we have that

1 (50) = —k(s0)T(s0) =0 and  p"(s0) = —k(s0)T'(s0) > 0,
where, in the last inequality, we used (19). Also, since (T, ) is an arbitrary

integral curve of (18), we have from Claim 7 that lims_, _, u(s) = —oo, which
implies that g must have a local maximum at some point s; < sg. Therefore,

0=p/(s1) = —k(s1)t(s1),
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which yields k(s1) = 0 since s is the unique zero of 7. This contradicts
our hypothesis on k, proving the existence of 5 as asserted. However, for any
point s € (82, +00), where sy = max{sg, 5}, one has u'(s) = —k(s)t(s) < 0,
which contradicts our assumption on p. Thus, lims_, 4o 1(8) = —oc0 and, from
Claim 7, lim,_, oo p(s) = +00.

Finally, suppose that 0 < limg_. 1o T(s) = L < 4o0o. Then, we have
that lims— 4o T(s) = 0. But, considering that p has infinite limit as s —
400, a computation as in the final part of the proof of Claim 10 gives that
limg_, 1 o T'(s) = h? > 0, which is a contradiction. This, together with Claim 7,
shows that limg_, 4. T(s) = +00. O

Claim 12. The function v:=— t/p is bounded outside of a compact interval.

Proof of Claim 12. Tt follows from Claim 11 that v is well defined and positive
at any point outside of a compact interval of R. Moreover, at such a point, one
has
, At kr?
112
Now, assume by contradiction that there exists a sequence (s, )pen in R
diverging to infinity such that limv(s,) = +00. We can also assume, without
loss of generality, that v/(s,,) > 0Vn € N. However, considering (17), Claim 11,
and the fact that im(—pu(s,)/T(s,)) = 0, we easily conclude that

lim(p(sn,) + k(sn)r(s,)) = +oo0.

Thus, for all sufficiently large n, v/(s,) < 0, which contradicts our hypothesis.
Analogously, we derive a contradiction by assuming that there exists s,, —
—oo such that v(s,) — 4o00. This proves Claim 12. O

(21)

In what follows, we shall denote by w = w(s) the angle function of «, i.e.,
a = r(cosw, sinw).
It then follows from (5) that the equality
T = %a—&—w’Joz (22)
holds at any point where r # 0.
Claim 13. The angle function w of a satisfies limg_, 4 o0 w(s) = +o0.

Proof of Claim 13. Considering (22) and the equality (r?)" = 2, one has
1

T
r'=- and ' =->-
r r

Hence, given a differentiable function ¢ = ¢(r), r € (0,+00), its derivative
with respect to w can be written as
dep dpdrds PN o
L= o — 23
dw  drdsdw i (T),u (23)

Next, define ¢(r) = log(logr). Then, ¢(r) — 400 as r — +o00 and

1
r¢’(r) = ogr 0 as 7 — +o0. (24)
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FIGURE 4. Generating curve of a 1-pitched helicoidal rotator-
translator of H? x R in the hyperboloid model of H?

Since, by Claim 12, —t/u is bounded outside of a compact interval, it follows
from Claim 8 and (23)—(24) that dy/dw — 0 as s — £o0. Thus, dw/dp — +00
as s — %00, which proves Claim 13. 0

It follows from the above claims that the trace of a has one point pg closest
to the origin (Claim 8), and consists of two properly embedded arms centered
at po which proceed to infinity by spiraling around the origin (Claim 10). In
particular, each arm of « gives rise to an embedded arm of the generating curve
o = («, ¢) of X, which spirals around the z3-axis. In addition, from Claim 8§,
we have that ¢? = 1+ 172 — 400 as s — £o00, which implies that both arms
of o have infinite height, being therefore properly embedded (Fig. 4). This
concludes our proof. O

Proof of Theorem 2. Consider a helicoidal surface X = X (R?) of pitch h > 0
in H2 xR as given in (6), and let G = {I';; t € R} C Iso(H? xR) be the group of
downward vertical translations of constant speed h, i.e., I't(p) = exp,(—thd;),
where exp denotes the exponential map of H? x R, and 0, is the gradient of
the height function of H? x R, namely (p,t) € H2 x R — t € R.
In the above setting, one has
or,
ot
so that the Killing field on H? x R determined by G is &= — hd;. Then,
considering the unit normal to X as given in (9), we have

(€(X),m) = —hec = o,

(p) = dexp,(—thd)(—hdy),

¢
which implies that X is a G-soliton if and only if its mean curvature function
is given by H = ¢1/¢. From this and Lemma 5, the result follows. O
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