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Abstract
Let𝑀𝑛 be either a simply connected space form or a rank-one symmetric space
of the noncompact type. We considerWeingarten hypersurfaces of𝑀 ×ℝ, which
are those whose principal curvatures 𝑘1, … , 𝑘𝑛 and angle function 𝛩 satisfy a
relation 𝑊(𝑘1, … , 𝑘𝑛, 𝛩2) = 0, being 𝑊 a differentiable function which is sym-
metric with respect to 𝑘1, … , 𝑘𝑛. When 𝜕𝑊∕𝜕𝑘𝑖 > 0 on the positive cone of ℝ𝑛,
a strictly convex Weingarten hypersurface determined by 𝑊 is said to be ellip-
tic. We show that, for a certain class of Weingarten functions 𝑊, there exist
rotational strictly convex Weingarten hypersurfaces of 𝑀 ×ℝ which are either
topological spheres or entire graphs over 𝑀. We establish a Jellett–Liebmann-
type theorem by showing that a compact, connected and elliptic Weingarten
hypersurface of either 𝕊𝑛 × ℝ or ℍ𝑛 × ℝ is a rotational embedded sphere. Other
uniqueness results for complete ellipticWeingarten hypersurfaces of these ambi-
ent spaces are obtained. We also obtain existence results for constant scalar
curvature hypersurfaces of 𝕊𝑛 × ℝ and ℍ𝑛 × ℝ which are either rotational or
invariant by translations (parabolic or hyperbolic). We apply our methods to give
new proofs of the main results by Manfio and Tojeiro on the classification of
constant sectional curvature hypersurfaces of 𝕊𝑛 × ℝ and ℍ𝑛 × ℝ.
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face
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1 INTRODUCTION

Among the compact surfaces of Euclidean space ℝ3, round spheres are known to be unique with respect to several
types of curvature constraints. For instance, they are the only compact connected embedded surfaces which have either
constantmean curvature or constant Gaussian curvature, as attested by the classical theorems of Alexandrov andHilbert–
Liebmann, respectively. More generally, these theorems apply to elliptic Weingarten surfaces, which are those whose
principal curvature functions 𝑘1, 𝑘2 satisfy a relation

𝑊(𝑘1, 𝑘2) = 0,
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where𝑊 is a symmetric differentiable function on a domain Γ ⊂ ℝ2, which satisfies the ellipticity condition 𝜕𝑊∕𝜕𝑘𝑖 >
0 on 𝑊−1(0) ⊂ Γ. In [17], Gálvez and Mira improved these results by showing that round spheres are the only elliptic
Weingarten spheres immersed in ℝ3, which proved affirmatively a long standing conjecture by Alexandrov.
Elliptic Weingarten surfaces (sometimes called special Weingarten surfaces) of ℝ3 and other three-spaces have been

considered in many works [5, 16, 20, 25]. More recently, Gálvez and Mira [18] conducted a thorough investigation of
rotationally invariant elliptic Weingarten surfaces of homogeneous three-manifolds with isometry group of dimension
4 (which include the Riemannian products ℍ2 × ℝ and 𝕊2 × ℝ). There, they established many deep results regarding
existence and uniqueness of certain rotational spheres in the class of ellipticWeingarten surfaces of these three-manifolds.
Inspired by the work of Gálvez and Mira, in this paper we considerWeingarten hypersurfaces of Riemannian products

𝑀𝑛 × ℝ. They are defined here as those whose principal curvatures 𝑘1 , … , 𝑘𝑛 and angle function 𝛩 satisfy

𝑊(𝑘1, … , 𝑘𝑛, 𝛩
2) = 0,

where𝑊 is a differentiable function which is symmetric with respect to 𝑘1, … , 𝑘𝑛. Such a hypersurface 𝛴 is then called a
𝑊-hypersurface of𝑀 ×ℝ. If, in addition, 𝛴 is strictly convex and𝑊 satisfies the ellipticity condition 𝜕𝑊∕𝜕𝑘𝑖 > 0 (for all
𝑖 = 1, … , 𝑛) on the positive cone of ℝ𝑛, we say that 𝛴 is an elliptic Weingarten hypersurface.
Our work primarily concerns existence and uniqueness (in the elliptic case) of Weingarten hypersurfaces of 𝑀 ×ℝ

when 𝑀 is either a simply connected space form or a rank-one symmetric space of the noncompact type (i.e., one of
the hyperbolic spaces ℍ𝑚

𝔽
). The reason for considering these particular manifolds relies on the fact that their geodesic

spheres are isoparametric, that is, have constant principal curvatures. As we shall see, this property allows us to construct
Weingarten vertical graphs in𝑀 ×ℝwhose level hypersurfaces are concentric geodesic spheres of𝑀 (we call such graphs
rotational).
Given a general Weingarten function𝑊, we associate with it a first-order ODE which involves the principal curvature

functions of geodesic spheres of 𝑀. Then, we call 𝑊 𝑀-admissible if this equation admits a solution 𝜚 ∶ [0, 𝛿) → [0, 1)

satisfying certain conditions (see Definition 5.1). Then, we show that, for such an𝑀-admissible𝑊, there exists a rotational
complete𝑊-hypersurface 𝛴 of 𝑀 ×ℝ which is homeomorphic to either the 𝑛-sphere 𝕊𝑛 or Euclidean space ℝ𝑛. In the
latter case (which does not occur if𝑀 = 𝕊𝑛), 𝛴 is an entire graph over𝑀, and in the former case, 𝛴 is obtained from the
connected sum of a graph over a closed ball of𝑀 with its reflection over a horizontal hyperplane of𝑀 ×ℝ.
Next, we study constant scalar curvature (CSC) hypersurfaces ofℚ𝑛𝜖 × ℝ, where 𝑛 ≥ 3 and ℚ𝑛𝜖 denotes the simply con-

nected space form ℚ𝑛𝜖 of constant sectional curvature 𝜖 = ±1 (i.e., 𝕊𝑛 and ℍ𝑛). Based on the fact that such hypersurfaces
are Weingarten, we establish that, for all 𝑐 > 𝜖𝑛(𝑛 − 1), there exists a properly embedded strictly convex rotational hyper-
surface 𝛴 in ℚ𝑛𝜖 × ℝ with CSC 𝑐, which is, in fact, of constant sectional curvature. Such a 𝛴 is either a sphere (if 𝑐 > 0) or
an entire graph (if 𝑐 ≤ 0). For 𝑐 > 𝜖𝑛(𝑛 − 1), we also obtain a one-parameter family of properly embedded Delaunay-type
rotational 𝑛-annuli inℚ𝑛𝜖 × ℝwith CSC 𝑐, which are not of the constant sectional curvature. An analogous one-parameter
family of nonperiodic rotational 𝑛-annuli in ℍ𝑛 × ℝ is obtained as well.
Similar results hold for hypersurfaces of ℍ𝑛 × ℝ which are invariant by either parabolic or hyperbolic translations.

Specifically, we show that for any constant 𝑐 ∈ [−𝑛(𝑛 − 1), 0), there exist in ℍ𝑛 × ℝ an entire graph over ℍ𝑛 (of constant
sectional curvature) and a hypersurface which is symmetric with respect to a horizontal hyperplane, both of the CSC 𝑐
and invariant by parabolic translations. For such values of 𝑐, we also show that there exists a one-parameter family of
hypersurfaces of ℍ𝑛 × ℝ with CSC 𝑐 which are invariant by hyperbolic translations. All these translational hypersurfaces
are properly embedded and homeomorphic to ℝ𝑛.
As these results indicate, hypersurfaces of the constant sectional curvature appear naturally when we are dealing with

CSC hypersurfaces. Considering this fact, we apply the methods developed here to provide new proofs for the main the-
orems by Manfio and Tojeiro [22] regarding the classification of hypersurfaces of constant sectional curvature ofℚ𝑛𝜖 × ℝ.
(On this matter, see also [2, 3], where the case 𝑛 = 2 was considered.)
Regarding uniqueness of elliptic Weingarten hypersurfaces, we establish a Jellett–Liebmann-type theorem. Namely,

by means of the maximum principle, the Alexandrov reflection technique, and the methods and results in [7, 13–15, 23],
we show that, for 𝑛 ≥ 3, a compact connected strictly convex elliptic Weingarten hypersurface immersed in ℚ𝑛𝜖 × ℝ is
necessarily an embedded rotational sphere. It is also shown that, assuming such a hypersurface to be complete, instead
of compact, the same conclusion holds under the additional assumption that its height function has a critical point, and
that its least principal curvature is bounded away from zero.
The paper is organized as follows. In Section 2, we set some notation and formulae. In Section 3, we discuss graphs of

Riemannian products 𝑀 ×ℝ over parallel hypersurfaces of 𝑀. In Section 4, we introduce Weingarten hypersurfaces of
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4714 de LIMA et al.

𝑀 ×ℝ, establishing a key lemma. In Section 5, we consider rotational Weingarten hypersurfaces of ℍ𝑚
𝔽
× ℝ and ℚ𝑛𝜖 × ℝ.

In Section 6, we deal with CSC hypersurfaces of ℚ𝑛𝜖 × ℝ which are invariant by either rotational or translational isome-
tries. In Section 7, we establish the Jellett–Liebmann-type theorem we mentioned, together with other rigidity results
for Weingarten hypersurfaces of ℚ𝑛𝜖 × ℝ. In Section 8, we consider hypersurfaces of the constant sectional curvature of
ℚ𝑛𝜖 × ℝ.

2 PRELIMINARIES

Given an orientable Riemannian manifold 𝑀𝑛, 𝑛 ≥ 2, we shall consider the Riemannian product 𝑀 ×ℝ endowed with
its standard metric

⟨ , ⟩ = ⟨ , ⟩𝑀 + 𝑑𝑡2.
Let 𝛴 be an oriented hypersurface of𝑀 ×ℝ. Write 𝑁 for its unit normal field and 𝐴 for its shape operator with respect

to 𝑁, so that

𝐴𝑋 = −∇𝑋𝑁, 𝑋 ∈ 𝑇𝛴,

where∇ denotes the Levi–Civita connection of𝑀 ×ℝ and𝑇𝛴 stands for the tangent bundle of𝛴. The principal curvatures
of𝛴, that is, the eigenvalues of the shape operator𝐴, will be denoted by 𝑘1 , … , 𝑘𝑛.We shall say that𝛴 is convex (resp. strictly
convex) if, with respect to a suitable orientation 𝑁, 𝑘𝑖 ≥ 0 (resp. 𝑘𝑖 > 0) everywhere on 𝛴, 𝑖 = 1, … , 𝑛.
The height function 𝜉 and the angle function 𝛩 of 𝛴 are defined as

𝜉 ∶= 𝜋ℝ|𝛴 and 𝛩(𝑥) ∶= ⟨𝑁(𝑥), 𝜕𝑡⟩, 𝑥 ∈ 𝛴,
where 𝜕𝑡 denotes the gradient of the projection 𝜋ℝ of𝑀 ×ℝ on the second factor ℝ. We denote the gradient of 𝜉 on 𝛴 by
𝑇, which means that the equality

𝑇 = 𝜕𝑡 − 𝛩𝑁 (2.1)

holds on 𝛴. The trajectories of 𝑇 on 𝛴 will be called 𝑇-trajectories.
Given 𝑡 ∈ ℝ, the set 𝑃𝑡 ∶= 𝑀 × {𝑡} is called a horizontal hyperplane of𝑀 ×ℝ. Horizontal hyperplanes are all isometric

to𝑀 and totally geodesic in𝑀 ×ℝ. In this context, we call a transversal intersection 𝛴𝑡 ∶= 𝛴 −⋔ 𝑃𝑡 a horizontal section of
𝛴. Any horizontal section 𝛴𝑡 is a hypersurface of 𝑃𝑡. So, at any point 𝑥 ∈ 𝛴𝑡 ⊂ 𝛴, the tangent space 𝑇𝑥𝛴 of 𝛴 at 𝑥 splits as
the orthogonal sum

𝑇𝑥𝛴 = 𝑇𝑥𝛴𝑡 ⊕ Span{𝑇}. (2.2)

The (first factor) manifolds𝑀 we shall consider here are the simply connected space formsℚ𝑛𝜖 of the constant sectional
curvature 𝜖 ∈ {0, 1, −1}, that is, the Euclidean spaceℝ𝑛, the unit sphere 𝕊𝑛 (𝜖 = 1) and the hyperbolic space ℍ𝑛 (𝜖 = −1),
as well as the rank-one symmetric spaces of noncompact type, also known as the general hyperbolic spacesℍ𝑚

𝔽
. Note that

the real hyperbolic space ℍ𝑚
ℝ
is the standard hyperbolic space ℍ𝑛 of constant sectional curvature −1 (see, e.g., [12]).

Let us recall that, denoting by 𝑅 and 𝑅 the curvature tensors of 𝛴 and ℚ𝑛𝜖 × ℝ, respectively, for 𝑋,𝑌, 𝑍,𝑊 ∈ 𝑇𝛴, the
Gauss equation reads as

⟨𝑅(𝑋, 𝑌)𝑍,𝑊⟩ = ⟨𝑅(𝑋, 𝑌)𝑍,𝑊⟩ + ⟨𝐴𝑋,𝑊⟩⟨𝐴𝑌, 𝑍⟩ − ⟨𝐴𝑋, 𝑍⟩⟨𝐴𝑌,𝑊⟩, (2.3)

where 𝑅 vanishes identically for 𝜖 = 0 and, for 𝜖 = ±1, it is given by (see [6])

𝜖⟨𝑅(𝑋, 𝑌)𝑍,𝑊⟩ = ⟨𝑋,𝑊⟩⟨𝑌, 𝑍⟩ − ⟨𝑋, 𝑍⟩⟨𝑌,𝑊⟩
+⟨𝑋, 𝑍⟩⟨𝑌, 𝜕𝑡⟩⟨𝑊, 𝜕𝑡⟩ − ⟨𝑌, 𝑍⟩⟨𝑋, 𝜕𝑡⟩⟨𝑊, 𝜕𝑡⟩ (2.4)

−⟨𝑋,𝑊⟩⟨𝑌, 𝜕𝑡⟩⟨𝑍, 𝜕𝑡⟩ + ⟨𝑌,𝑊⟩⟨𝑋, 𝜕𝑡⟩⟨𝑍, 𝜕𝑡⟩.
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de LIMA et al. 4715

F IGURE 1 An (𝑓𝑠, 𝜙)-graph in𝑀 ×ℝ.

3 GRAPHS ON PARALLEL HYPERSURFACES

Let𝑀𝑛−1
0 and𝑀𝑛 be two orientable Riemannian manifolds. Assume that

𝑓 ∶ 𝑀𝑛−1
0 → 𝑀𝑛

is an oriented embedding with unit normal field 𝜂, and suppose that there is an open interval 𝐼 ∋ 0 such that, for all
𝑝 ∈ 𝑀0, the curve

𝛾𝑝(𝑠) = exp𝑀(𝑓(𝑝), 𝑠𝜂(𝑝)), 𝑠 ∈ 𝐼, (3.1)

is a well-defined geodesic of𝑀 without conjugate points. In this setting, for any fixed 𝑠 ∈ 𝐼, the map

𝑓𝑠 ∶ 𝑀0 → 𝑀

𝑝 ↦ 𝛾𝑝(𝑠)

is an embedding of𝑀0 into𝑀, which is said to be parallel to 𝑓. Observe that, given 𝑝 ∈ 𝑀0, the tangent space 𝑓𝑠∗(𝑇𝑝𝑀0)

of 𝑓𝑠 at 𝑝 is the parallel transport of 𝑓∗(𝑇𝑝𝑀0) along 𝛾𝑝 from 0 to 𝑠. We also remark that, with the induced metric, we will
consider the unit normal 𝜂𝑠 of 𝑓𝑠 at 𝑝 given by

𝜂𝑠(𝑝) = 𝛾
′
𝑝(𝑠).

Having set the notation of the parallel immersions 𝑓𝑠, we introduce now the concept of (𝑓𝑠, 𝜙)-graph, which will play
a fundamental role to prove some of the main results of the paper.

Definition 3.1. Let 𝜙 ∶ 𝐼 → 𝜙(𝐼) ⊂ ℝ be an increasing diffeomorphism, that is, 𝜙′ > 0. With the above notation, we call
the set

𝛴 ∶= {(𝑓𝑠(𝑝), 𝜙(𝑠)) ∈ 𝑀 × ℝ ; 𝑝 ∈ 𝑀0, 𝑠 ∈ 𝐼}, (3.2)

the graph determined by {𝑓𝑠 ; 𝑠 ∈ 𝐼} and 𝜙, or (𝑓𝑠, 𝜙)-graph, for short (Figure 1).

For an arbitrary point 𝑥 = (𝑓𝑠(𝑝), 𝜙(𝑠)) of an (𝑓𝑠, 𝜙)-graph 𝛴, one has

𝑇𝑥𝛴 = 𝑓𝑠∗(𝑇𝑝𝑀0) ⊕ Span {𝜕𝑠}, 𝜕𝑠 = 𝜂𝑠 + 𝜙
′(𝑠)𝜕𝑡.
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4716 de LIMA et al.

So, a unit normal to 𝛴 is

𝑁 =
−𝜙′√
1 + (𝜙′)2

𝜂𝑠 +
1√

1 + (𝜙′)2
𝜕𝑡 . (3.3)

In particular, its angle function is

𝛩 =
1√

1 + (𝜙′)2
⋅ (3.4)

As shown in [9, Theorem 6], any (𝑓𝑠, 𝜙)-graph 𝛴 has the 𝑇-property, meaning that 𝑇 is a principal direction at any point
of 𝛴. More precisely, one has

𝐴𝑇 =
𝜙′′

(
√
1 + (𝜙′)2)3

𝑇. (3.5)

Given an (𝑓𝑠, 𝜙)-graph 𝛴, let {𝑋1 , … , 𝑋𝑛} be an orthonormal frame of principal directions of 𝛴 in which 𝑋𝑛 = 𝑇∕‖𝑇‖.
In this case, for 1 ≤ 𝑖 ≤ 𝑛 − 1, the fields 𝑋𝑖 are all horizontal, that is, tangent to𝑀, and constitute principal directions of
the immersions 𝑓𝑠 at corresponding points (cf. [9, Lemma 1])). Therefore, setting

𝜚 ∶=
𝜙′√

1 + (𝜙′)2
(3.6)

and considering Equation (3.3), we have, for all 𝑖 = 1, … , 𝑛 − 1, that

𝑘𝑖 = ⟨𝐴𝑋𝑖, 𝑋𝑖⟩ = −⟨∇𝑋𝑖𝑁,𝑋𝑖⟩ = 𝜚⟨∇𝑋𝑖𝜂𝑠, 𝑋𝑖⟩ = −𝜚𝑘𝑠𝑖 ,
where 𝑘𝑠

𝑖
is the 𝑖th principal curvature of𝑓𝑠. Also, it follows fromEquation (3.5) that 𝑘𝑛 = 𝜚′. Thus, the principal curvatures

of the (𝑓𝑠, 𝜙)-graph 𝛴 at (𝑓𝑠(𝑝), 𝜙(𝑠)) ∈ 𝛴 are

𝑘𝑖 = −𝜚(𝑠)𝑘
𝑠
𝑖
(𝑝) (1 ≤ 𝑖 ≤ 𝑛 − 1) and 𝑘𝑛 = 𝜚

′(𝑠). (3.7)

We remark that, up to a constant, the function 𝜚 defined in Equation (3.6) determines the function 𝜙. Indeed, it follows
from equality (3.6) that

𝜙(𝑠) = ∫
𝑠

𝑠0

𝜚(𝑢)√
1 − 𝜚2(𝑢)

𝑑𝑢 + 𝜙(𝑠0), 𝑠0, 𝑠 ∈ 𝐼. (3.8)

It should also be noticed that, from Equations (3.4) and (3.6), the unit normal𝑁 defined in Equation (3.3) can be written
as 𝑁 = −𝜚𝜂𝑠 + 𝛩𝜕𝑡. Hence, the relation

𝜚2 + 𝛩2 = 1 (3.9)

holds everywhere on any (𝑓𝑠, 𝜙)-graph 𝛴. In particular, 𝜚 = ‖𝑇‖ on 𝛴.
Definition 3.2. A family ℱ ∶= {𝑓𝑠 ∶ 𝑀0 → 𝑀 ; 𝑠 ∈ 𝐼} of parallel hypersurfaces is called isoparametric if, for each 𝑠 ∈ 𝐼,
any principal curvature 𝑘𝑠

𝑖
of 𝑓𝑠 ∈ ℱ is constant (possibly depending on 𝑖 and 𝑠). If so, each hypersurface 𝑓𝑠 is also called

isoparametric.

It follows from Equation (3.7) that, ifℱ ∶= {𝑓𝑠 ∶ 𝑀0 → 𝑀 ; 𝑠 ∈ 𝐼} is isoparametric and 𝛴 is an (𝑓𝑠, 𝜙)-graph in𝑀 ×ℝ,
then all principal curvatures 𝑘𝑖 of 𝛴 at any point (𝑓𝑠(𝑝), 𝜙(𝑠)) are functions of 𝑠 alone.
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de LIMA et al. 4717

4 ELLIPTICWEINGARTENHYPERSURFACES OF𝑴 ×ℝ

Let Γ ⊂ ℝ𝑛 be an open subset of ℝ𝑛 containing the positive cone

Γ+ ∶= {𝐤 = (𝑘1 , … , 𝑘𝑛) ∈ ℝ
𝑛 ; 𝑘𝑖 > 0}.

A symmetric function𝑊 ∈ 𝐶∞(Γ) will be called aWeingarten function. If, in addition,𝑊 satisfies the condition:

𝜕𝑊

𝜕𝑘𝑖
(𝐤) > 0 ∀𝐤 ∈ Γ+ and 𝑖 = 1, … , 𝑛, (4.1)

then𝑊 will be called an elliptic Weingarten function.

Example 1. Two distinguished elliptic Weingarten functions are the following:

i) 𝑊(𝑘1, … , 𝑘𝑛) =
∑
𝑖1<⋯<𝑖𝑟

𝑘𝑖1 … 𝑘𝑖𝑟 , 𝑟 ∈ {1, … , 𝑛}.

ii) 𝑊(𝑘1, … , 𝑘𝑛) =
√
𝑘21 +⋯+ 𝑘2𝑛.

The function in (i) is the nonnormalized 𝑟th mean curvature𝐻𝑟 (notice that𝐻1 = 𝑘1 +⋯+ 𝑘𝑛 is themean curvature and
𝐻𝑛 = 𝑘1 …𝑘𝑛 is the Gauss–Kronecker curvature), whereas the function in (ii) is the norm of the second fundamental form‖𝐴‖. We add that these functions are both homogeneous of degree one. (Recall that, given 𝑑 ∈ ℝ, a function 𝑓 = 𝑓(𝐤)
defined in a cone Γ ⊂ ℝ𝑛 is said to be homogeneous of degree 𝑑 if 𝑓(𝑡𝐤) = 𝑡𝑑𝑓(𝐤) whenever 𝐤 ∈ Γ and 𝑡 > 0.)

Example 2. Given𝑊 = 𝑊(𝑘1, … , 𝑘𝑛) ∈ 𝐶
∞(Γ+), define its inverse𝑊∗ as

𝑊∗(𝑘1, … , 𝑘𝑛) ∶= 1∕𝑊(1∕𝑘1 , … , 1∕𝑘𝑛).

It is easily checked that𝑊 is homogeneous elliptic Weingarten if and only if𝑊∗ is homogeneous elliptic Weingarten.

Following [18], given an open set Γ ⊂ ℝ𝑛 with Γ+ ⊂ Γ, we say that

𝑊 = 𝑊(𝑘1, … , 𝑘𝑛, 𝛩
2), (𝑘1 , … , 𝑘𝑛, 𝛩

2) ∈ Γ × [0, 1],

is a general Weingarten function (resp. a general elliptic Weingarten function) if, for any fixed 𝛩 ∈ [0, 1], the map

(𝑘1, … , 𝑘𝑛) ∈ Γ ↦ 𝑊(𝑘1, … , 𝑘𝑛, 𝛩
2) ∈ ℝ

is a Weingarten function (resp. an elliptic Weingarten function).

Definition 4.1. We say that a hypersurface 𝛴 of a Riemannian product𝑀 ×ℝ is aWeingarten hypersurface if its principal
curvatures 𝑘1 , … , 𝑘𝑛, together with its angle function 𝛩, satisfy a relation of the type

𝑊(𝑘1 , … , 𝑘𝑛, 𝛩
2) = 0, (4.2)

where𝑊 is a generalWeingarten function.More specifically, we shall say that such a𝛴 is a𝑊-hypersurface. If, in addition,
𝑊 is elliptic and 𝛴 is strictly convex, then 𝛴 will be called an elliptic Weingarten hypersurface.

Hypersurfaces of𝑀 ×ℝwith constant mean curvature𝐻𝑟 are canonical examples of Weingarten hypersurfaces. In the
next section, we shall see that hypersurfaces of the CSC inℚ𝑛𝜖 × ℝ are also Weingarten hypersurfaces.

Remark 4.2. We point out that the Hopf Maximum Principle applies to elliptic Weingarten hypersurfaces (see [16] for a
detailed discussion in the case 𝑛 = 2). The same is true for the continuation principle, by the results in [21, 24].
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4718 de LIMA et al.

The following lemma, which plays a fundamental role here, characterizesWeingarten (𝑓𝑠, 𝜙)-graphs (with {𝑓𝑠} isopara-
metric) as those whose associated 𝜚-functions are solutions of a certain first-order ordinary differential equation. In fact,
it follows directly from the definition of Weingarten hypersurface, relations (3.7), and equality (3.9).

Lemma 4.3. Let 𝛴 be an (𝑓𝑠, 𝜙)-graph in𝑀 ×ℝ whose associated family

ℱ ∶= {𝑓𝑠 ∶ 𝑀0 → 𝑀 ; 𝑠 ∈ 𝐼}

of parallel hypersurfaces is isoparametric. Then, given aWeingarten function𝑊 ∈ 𝐶∞(Γ), we have that𝛴 is a𝑊-hypersurface
of𝑀 ×ℝ if and only if its 𝜚-function satisfies the equality

𝑊(−𝑘𝑠1𝜚(𝑠), … , −𝑘
𝑠
𝑛−1𝜚(𝑠), 𝜚

′(𝑠), 1 − 𝜚2) = 0, (4.3)

where 𝑘𝑠1, … , 𝑘
𝑠
𝑛−1 are the principal curvatures of 𝑓𝑠 ∈ ℱ.

It follows fromLemma 4.3 and Picard’s theorem for the local existence of solutions of first-order ODE’s that, for any gen-
eralWeingarten function𝑊, there exist local𝑊-hypersurfaces in𝑀 ×ℝ, provided that𝑀 admits families of isoparametric
hypersurfaces. In this context, it is natural to ask under which conditions we can construct complete𝑊-hypersurfaces in
𝑀 ×ℝ. We shall pursue this question in the next sections.

5 ROTATIONALWEINGARTENHYPERSURFACES OF ℚ𝒏𝝐 × ℝ AND ℍ𝒎
𝔽
× ℝ

Let𝑀𝑛 be either a simply connected space formℚ𝑛𝜖 or a rank-one symmetric space of noncompact type ℍ𝑚𝔽 . Take a point
𝑜 ∈ 𝑀 and let 𝑓𝑠 ∶ 𝕊𝑛−1 → 𝑀 be the isometric immersion such that 𝑓𝑠(𝕊𝑛−1) is the geodesic sphere of𝑀 with center at 𝑜
and radius 𝑠 > 0. In this setting, define

ℱ ∶= {𝑓𝑠 ∶ 𝕊
𝑛−1 → 𝑀 ; 𝑠 ∈ (0,𝑀)}, (5.1)

where𝑀 is given by

𝑀 ∶=

{
+∞ if 𝑀 = ℝ𝑛 or ℍ𝑚

𝔽
,

𝜋∕2 if 𝑀 = 𝕊𝑛.
(5.2)

As is well known, ℱ is isoparametric and each sphere 𝑓𝑠(𝕊𝑛−1) is strictly convex (see [12], and references therein). In
accordance to the notation of Section 3, for each 𝑠 ∈ (0, +∞), we choose the outward orientation of𝑓𝑠, so that any principal
curvature 𝑘𝑠

𝑖
of 𝑓𝑠 is negative.

In what follows, for 𝑀 and ℱ as above, we construct complete strictly convex Weingarten hypersurfaces in 𝑀 ×ℝ

from (𝑓𝑠, 𝜙)-graphs, 𝑓𝑠 ∈ ℱ. Since the elements of ℱ are concentric geodesic spheres, we shall call such a hypersurface
rotational.
The general idea for this construction is to consider Equation (4.3) as an ODE with variable 𝜚. From a suitable solution

to this equation, we obtain a function 𝜙 (using Equation (3.8)) which, by Lemma 4.3, defines a Weingarten graph 𝛴′
in 𝑀 ×ℝ over an open ball 𝐵𝛿(𝑜) ⊂ 𝑀 with 𝛿 ≤ +∞. If 𝛿 = +∞, 𝛴′ is complete and we are done. Otherwise, 𝜕𝛴′ is an
(𝑛 − 1)-sphere in a horizontal hyperplane 𝑃𝑡 ∶= 𝑀 × {𝑡}, and the tangent spaces of 𝛴′ along its boundary are all vertical
(i.e., parallel to 𝜕𝑡). Hence, a complete Weingarten 𝑛-sphere is obtained by “gluing” 𝛴′ with its reflection over 𝑃𝑡 along
their common boundary.
As we shall see, the effectiveness of this procedure depends on the existence of a solution 𝜚 to Equation (4.3) which can

be defined at the singular point 𝑠 = 0. This fact leads us to introduce the concept of admissibleWeingarten function, as
given below. (Note that the principal curvatures 𝑘𝑠

𝑖
of the spheres 𝑓𝑠 are not defined at 𝑠 = 0.)

Definition 5.1. Let 𝑀 and ℱ be as above. We say that a general Weingarten function 𝑊 is 𝑀-admissible (or simply
admissible) if Equation (4.3) has a solution 𝜚 defined in [0, 𝛿), 0 < 𝛿 ≤ 𝑀 , which satisfies the conditions:
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de LIMA et al. 4719

(C1) 𝜚(0) = 0.
(C2) 0 < 𝜚 < 1 on (0, 𝛿).
(C3) 𝜚′ > 0 on (0, 𝛿).
(C4) The limits lim𝑠→0 𝜚(𝑠)𝑘𝑠𝑖 and lim𝑠→0 𝜚

′(𝑠) exist and are finite (recall that 𝑘𝑠
𝑖
is the 𝑖th principal curvature of 𝑓𝑠) and,

if 𝛿 < 𝑀 , the limit lim𝑠→𝛿 𝜚′(𝑠) also exist and is finite .

We assume that 𝛿 is maximal with respect to (C2)–(C3) and call 𝜚 ∶ [0, 𝛿) → [0, 1) an associated function to𝑊. In the case
𝛿 < 𝑀 , we will write (with a slight abuse of notation):

𝜚(𝛿) ∶= lim
𝑠→𝛿

𝜚(𝑠) and 𝜚′(𝛿) ∶= lim
𝑠→𝛿

𝜚′(𝑠).

(Note that, from the maximality of 𝛿, we must have 𝜚(𝛿) = 1 or 𝜚′(𝛿) = 0.)

Remark 5.2. From Lemma 4.3 and equalities (3.7) and (3.8), a function 𝜚 satisfying conditions (C2) and (C3) defines a
rotational𝑊-graph 𝛴 over the punctured open ball 𝐵𝛿(𝑜) − {𝑜} ⊂ 𝑀, whose function 𝜙, up to a constant, is given by

𝜙(𝑠) = ∫
𝑠

0

𝜚(𝑢)√
1 − 𝜚2(𝑢)

𝑑𝑢 , 𝑠 ∈ (0, 𝛿). (5.3)

Also, the condition (C1) and the finiteness of the two first limits in (C4) (together with Equation (3.7)) imply that𝛴 extends
𝐶2-smoothly to the puncture 𝑜. Analogously, when 𝛿 < +∞, the finiteness of the last limit in (C4) gives that 𝛴 extends
𝐶2-smoothly to its boundary 𝑓𝛿(𝕊𝑛−1) × {𝜙(𝛿)}.

Now, we are in position to state and prove our first main result.

Theorem 5.3. Let𝑀𝑛 be either a simply connected space form ℚ𝑛𝜖 or a rank-one symmetric space of noncompact type ℍ𝑚𝔽 .
Given an𝑀-admissibleWeingarten function𝑊, let 𝜚 ∶ (0, 𝛿) → [0, 1) be its associated function. Then, the following assertions
hold:

i) If 𝛿 < 𝑀 , 𝜚(𝛿) = 1 and 𝜚′(𝛿) > 0, there exists an embedded strictly convex rotational 𝑊-sphere in 𝑀 ×ℝ which is
symmetric with respect to a horizontal hyperplane.

ii) If 𝛿 = +∞ (so that𝑀 isℝ𝑛 orℍ𝑚
𝔽
), there exists a rotational strictly convex entire𝑊-graph in𝑀 × [0,+∞)which is tangent

to𝑀 × {0} at a single point, and whose height function is unbounded above.

In particular, if𝑊 is elliptic, the𝑊-hypersurfaces in (i) and (ii) are elliptic. Consequently, if (ii) occurs for such a𝑊, there is
no compact𝑊-hypersurface in𝑀 ×ℝ.

Proof. Assume the hypotheses in (i), and let 𝛴′ be the rotational (𝑓𝑠, 𝜙)-graph defined by the function 𝜙 in Equa-
tion (5.3). As we pointed out in Remark 5.2, 𝛴′ is defined over 𝐵𝛿(𝑜) ⊂ 𝑀 and constitutes a 𝑊-hypersurface of 𝑀 ×ℝ.
Also, by Equation (3.7), 𝛴′ is strictly convex.
Let us show that the function 𝜙 defining 𝛴′ is bounded in (0, 𝛿). Indeed, since 𝜚′(𝛿) > 0, there exist 𝑎, 𝛿0 > 0, 0 <

𝛿 − 𝛿0 < 𝛿, such that 𝜚′(𝑠) ≥ 𝑎 ∀𝑠 ∈ (𝛿 − 𝛿0, 𝛿). Besides, 0 ≤ 𝜚 < 1 and 𝜚(𝛿) = 1. Hence,

∫
𝛿

𝛿−𝛿0

𝜚(𝑠)𝑑𝑠√
1 − 𝜚2(𝑠)

≤ ∫
𝛿

𝛿−𝛿0

𝜚′(𝑠)𝑑𝑠

𝜚′(𝑠)
√
1 − 𝜚2(𝑠)

≤ 1

𝑎 ∫
1

𝜚(𝛿−𝛿0)

𝑑𝜚√
1 − 𝜚2

=
1

𝑎

(𝜋
2
− arcsin(𝜚(𝛿 − 𝛿0))

) ≤ 𝜋

2𝑎
,

which implies that 𝜙 is bounded. So, we can set 𝜙(𝛿) for the limit of 𝜙(𝑠) as 𝑠 → 𝛿.
Since 𝜚(𝛿) = 1, we have from Equation (5.3) that 𝜙′(𝑠) → +∞ as 𝑠 → 𝛿. This gives that, along 𝜕𝛴′ = 𝑓𝛿(𝕊𝑛−1) × {𝜙(𝛿)},

the tangent spaces are all parallel to 𝜕𝑡. Therefore, since 𝛴′ extends 𝐶2-smoothly to its boundary (see Remark 5.2), if we
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4720 de LIMA et al.

F IGURE 2 A𝑊-hemisphere in𝑀 ×ℝ

and its 𝑇-trajectories.

TABLE 1 Definition of cos𝜖 and sin𝜖 .

Function 𝝐 = 𝟎 𝝐 = 𝟏 𝝐 = −𝟏

cos𝜖(𝑠) 1 cos 𝑠 cosh 𝑠

sin𝜖(𝑠) 𝑠 sin 𝑠 sinh 𝑠

denote by 𝛴′′ the reflection of 𝛴′ with respect to𝑀 × {𝜙(𝛿)}, we have that

𝛴 ∶= closure 𝛴′ ∪ closure 𝛴′′

is a strictly convex rotational𝑊-sphere of𝑀 ×ℝ. This proves (i).
Now, let us assume that the hypotheses in (ii) hold. In this case, since 𝛿 = +∞, the (𝑓𝑠, 𝜙)-graph 𝛴 defined by 𝜙 in

Equation (5.3) is an entire rotational𝑊-graph of𝑀 ×ℝ. Also, since 𝜙(0) = 0 and 𝜙(𝑠) > 0 for any 𝑠 > 0, 𝛴 is contained in
the closed half-space𝑀 × [0,+∞), being tangent to𝑀 × {0} at 𝑜.
It remains to prove that the height function of 𝛴 is unbounded above. For that, we fix 𝛿0 > 0 and set 𝜄𝛿0(𝑠) for the

infimum of the function 𝑢 ↦ 𝜚(𝑢)∕
√
1 − 𝜚2(𝑢) on [𝛿0, 𝑠), 𝑠 > 𝛿0. It is easily seen that 𝜄𝛿0(𝑠) is bounded away from zero.

Therefore,

𝜙(𝑠) = ∫
𝑠

0

𝜚(𝑢)√
1 − 𝜚2(𝑢)

𝑑𝑢 ≥ ∫
𝑠

𝛿0

𝜚(𝑢)√
1 − 𝜚2(𝑢)

𝑑𝑢 ≥ 𝜄𝛿0(𝑠)(𝑠 − 𝛿0) ∀𝑠 > 𝛿0,

which gives that 𝜙 is unbounded above.
The last assertion regarding the nonexistence of compact elliptic𝑊-hypersurfaces in the occurrence of (ii) follows from

the maximum principle (see Remark 4.2) (Figure 2). □

In what follows, for 𝜖 ∈ {0, −1, 1}, we shall consider the trigonometric functions tan𝜖 = sin𝜖 ∕ cos𝜖 and cot𝜖 = 1∕ tan𝜖,
where cos𝜖 and sin𝜖 are defined as in Table 1.

Example 3. Given constants 𝑎, 𝑏, and 𝑐 with 𝑎 + 𝑏 ≠ 0, and 𝜖 = ±1, consider the following elliptic general Weingarten
function𝑊𝜖 ∶ ℝ

2 × [0, 1] → ℝ ∶

𝑊𝜖(𝑘1, 𝑘2, 𝛩
2) = 𝑘1𝑘2 −

𝑐 − 𝜖𝑎𝛩2

𝑎 + 𝑏
⋅

For 𝑛 = 2, Gauss equation (2.4) reduces to 𝐾 = 𝐻2 + 𝜖𝛩2, where 𝐾 is the intrinsic curvature of 𝛴 and 𝐻2 = 𝑘1𝑘2 is its
extrinsic curvature. Hence, a𝑊𝜖-surface 𝛴 of ℚ2𝜖 × ℝ satisfies the relation

𝑎𝐾 + 𝑏𝐻2 = 𝑐.

(Such surfaces were studied in [16].)
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de LIMA et al. 4721

Let us see that𝑊𝜖 is ℚ2𝜖 -admissible, provided that

𝑎𝜖 > 0, 𝑎 + 𝑏 > 0, and 𝑐 − 𝑎𝜖 > 0. (5.4)

To that end, consider a family ℱ of concentric geodesic circles in ℚ2𝜖 , and recall that, with the outward orientation, a
geodesic circle of radius 𝑠 in ℚ2𝜖 has curvature 𝑘(𝑠) = − cot𝜖(𝑠). In this setting, the ODE (4.3) takes the form

(𝑎 + 𝑏) cot𝜖(𝑠)𝜚(𝑠)𝜚
′(𝑠) + 𝜖𝑎(1 − 𝜚2(𝑠)) = 𝑐. (5.5)

Separating variables and integrating, one easily concludes that the solution 𝜚 of Equation (5.5) satisfying 𝜚(0) = 0 is given
by

𝜚(𝑠) =

(
𝑐 − 𝑎𝜖

𝑎𝜖
((cos𝜖(𝑠))

−2𝑎

𝑎+𝑏 − 1)

)1∕2
.

In particular, 𝜚 is increasing and satisfies 𝜚(𝛿) = 1, where

𝛿 ∶=
( 𝑐

𝑐 − 𝑎𝜖

) 𝑎+𝑏

−2𝑎
.

Also, from Equation (5.5), we have that

𝜚′(𝛿) =
𝑐

𝑎 + 𝑏
tan𝜖(𝛿) > 0.

In addition, a direct application of L’Hâpital’s rule gives that

lim
𝑠→0
(𝜚(𝑠) cot𝜖(𝑠)) =

(𝑐 − 𝑎𝜖
𝑎 + 𝑏

)1∕2
.

This limit, together with Equation (5.5), yields

lim
𝑠→0

𝜚′(𝑠) =
𝑐 − 𝑎𝜖√

(𝑎 + 𝑏)(𝑐 − 𝑎𝜖)
,

which completes the proof that𝑊𝜖 isℚ2𝜖 -admissible with associated function 𝜚.
Clearly, 𝜚 satisfies the conditions of Theorem 5.3-(i). Therefore, for all constants 𝑎, 𝑏, and 𝑐 satisfying Equation (5.4),

there exists a rotational elliptic𝑊𝜖-sphere in ℚ2𝜖 × ℝ.

Example 4. Given 𝑏 < 0 < 𝑎 and an integer 𝑛 ≥ 2, write 𝛼 ∶= (−𝑎∕𝑏) 1

𝑛−1 and set

𝑐 = 𝑎(𝑛 − 1)𝛼. (5.6)

Under these conditions, the Weingarten function𝑊 ∈ 𝐶∞(ℝ𝑛) given by

𝑊 = 𝑎𝐻 + 𝑏𝐻𝑛 − 𝑐,

isℚ𝑛𝜖 -admissible. Indeed, considering Lemma 4.3 for𝑊,𝑀 = ℚ𝑛𝜖 , andℱ as in Equation (5.1), we have that the ODE (4.3)
takes the form

𝑎
(
(𝑛 − 1) cot𝜖(𝑠)𝜚(𝑠) + 𝜚

′(𝑠)
)
+ 𝑏((cot𝜖(𝑠)𝜚(𝑠))

𝑛−1𝜚′(𝑠)) = 𝑐. (5.7)
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4722 de LIMA et al.

Thus, defining

𝛿 ∶=

{
arctan𝜖(1∕𝛼) if 𝜖 ≠ −1 or 𝜖 = −1 and 𝛼 > 1,
+∞ if 𝜖 = −1 and 𝛼 ≤ 1,

and considering Equation (5.6), we have that

𝜚(𝑠) = 𝛼 tan𝜖(𝑠), 𝑠 ∈ [0, 𝛿),

is the solution of Equation (5.7) satisfying 𝜚(0) = 0. Moreover, for 𝛿 < +∞, we have that 𝜚(𝑠) → 1 as 𝑠 → 𝛿. It is also clear
that 𝜚 satisfies the conditions (C1)–(C4) of Definition 5.1, which implies that𝑊 is ℚ𝑛𝜖 -admissible.
Therefore, by Theorem 5.3, there exists a rotational strictly convex𝑊-hypersurface 𝛴 in ℚ𝑛𝜖 × ℝ which is a sphere, if

𝛿 < +∞, or an entire graph, if 𝛿 = +∞. We remark that the principal curvatures 𝑘1, … , 𝑘𝑛−1 of 𝛴 are all constant and equal
to 𝛼. For 𝜖 = 0,𝛴 is the totally geodesic sphere of radius 1∕𝛼.

Let 𝑀 be either ℍ𝑚
𝔽
of 𝕊𝑛. It was proved in [8] that, for all 𝑐 > 0, the elliptic Weingarten function𝑊𝑐 = 𝐻𝑟 − 𝑐 is 𝑀-

admissible. Moreover, for 𝑀 = ℍ𝑚
𝔽
, there is a constant 𝐶(𝔽) > 0 such that the associated function 𝜚𝑐 to𝑊𝑐 satisfies the

conditions of Theorem 5.3-(i) (resp. Theorem 5.3-(ii)) if 𝑐 > 𝐶(𝔽) (resp. 𝑐 ≤ 𝐶(𝔽)). In our next result, we show that this
situation is somewhat typical.

Theorem 5.4. Let 𝑀 be as in Theorem 5.3. Given 𝑐 > 0, let𝑊𝑐 be the Weingarten function defined by𝑊𝑐 = 𝑓 − 𝑐, where
𝑓 = 𝑓(𝑘1, … , 𝑘𝑛) is a symmetric homogeneous function defined on an open cone Γ ⊃ Γ+ inℝ𝑛. Suppose that, for some 𝑐0 > 0,
𝑊𝑐0 is𝑀-admissible with associated function 𝜚0 ∶ [0, 𝛿0) → [0, 1). Then, one has:

i) If 𝛿0 < 𝑀 , there is a constant 𝑐1 ≥ 𝑐0 with the following property: for all 𝑐 > 𝑐1,𝑊𝑐 is𝑀-admissible and there exists an
embedded𝑊𝑐-sphere in𝑀 ×ℝ as in the statement of Theorem 5.3-(i).

ii) If 𝛿0 = +∞, for all positive 𝑐 ≤ 𝑐0,𝑊𝑐 is𝑀-admissible and there exists an entire rotational𝑊𝑐-graph in𝑀 × [0,+∞) as
in the statement of Theorem 5.3-(ii).

Proof. First, we present a general construction that will be used along the proof. From the hypothesis, we have that the
function 𝜚0 ∶ [0, 𝛿0) → [0, 1) satisfies

𝑓(−𝑘𝑠1𝜚0, … , −𝑘
𝑠
𝑛−1𝜚0, 𝜚

′
0) = 𝑐0 . (5.8)

Given 𝑐 > 0, multiplying both sides of Equation (5.8) by 𝑐∕𝑐0, and denoting by 𝑑 the degree of homogeneity of the
Weingarten function 𝑓, one gets

𝑓(−(𝑐∕𝑐0)
1∕𝑑𝑘𝑠1𝜚0, … , −(𝑐∕𝑐0)

1∕𝑑𝑘𝑠𝑛−1𝜚0, (𝑐∕𝑐0)
1∕𝑑𝜚′0) = 𝑐 ,

which implies that the function 𝜚𝑐 ∶ [0, 𝛿0) → [0, 1) defined by

𝜚𝑐(𝑠) =

(
𝑐

𝑐0

)1∕𝑑
𝜚0(𝑠) (5.9)

satisfies 𝑊𝑐(−𝑘
𝑠
1𝜚𝑐(𝑠), … , −𝑘

2
𝑛−1𝜚𝑐(𝑠), 𝜚

′

𝑐(𝑠)) = 0. In particular, we may possibly extend 𝜚𝑐 past 𝛿0 or restrict 𝜚𝑐 to a
subinterval to obtain a solution 𝜚𝑐 ∶ [0, 𝛿𝑐) → [0, 1) to

𝑓(−𝑘𝑠1𝜚𝑐(𝑠), … , −𝑘
𝑠
𝑛−1𝜚𝑐(𝑠), 𝜚

′
𝑐(𝑠)) = 𝑐, (5.10)

where 𝛿𝑐 is maximal with respect to conditions (C2) and (C3) of Definition 5.1. Concerning the𝑀-admissibility of𝑊𝑐, it is
straightforward to see that 𝜚𝑐 satisfies (C1) and the first two conditions of (C4), hence𝑊𝑐 will be𝑀-admissible, if 𝛿𝑐 = ∞
or if, when 𝛿𝑐 < ∞, lim𝑠→𝛿𝑐 𝜚

′
𝑐(𝑠) exists and is finite.
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de LIMA et al. 4723

Having defined the family {𝜚𝑐}𝑐>0, we next prove (i), so we assume that 𝛿0 < 𝑀 . In this case, set

𝑐1 ∶=
𝑐0

(𝜚0(𝛿0))𝑑
≥ 𝑐0.

For a given 𝑐 > 𝑐1, let 𝜚𝑐 be defined as above. We claim that 𝛿𝑐 < 𝛿0. In fact, if 𝛿𝑐 ≥ 𝛿0, then the fact that 𝜚𝑐|[0,𝛿0) =(
𝑐

𝑐0

)1∕𝑑
𝜚0, implies that

𝜚𝑐(𝛿0) =

(
𝑐

𝑐0

)1∕𝑑
𝜚0(𝛿0) >

(
𝑐1
𝑐0

)1∕𝑑
𝜚0(𝛿0) = 1,

contradicting the maximality of 𝛿𝑐 with respect to condition (C2) of Definition 5.1. In particular, 𝜚′0(𝛿𝑐) > 0 and we have
that

lim
𝑠→𝛿𝑐

𝜚′𝑐1(𝑠) =

(
𝑐

𝑐0

)1∕𝑑
𝜚′0(𝛿𝑐) > 0.

This proves that𝑊𝑐 is𝑀-admissible and that 𝜚𝑐(𝛿𝑐) = 1. In particular, Theorem 5.3-(i) applies to𝑊𝑐, and this proves (i).
Let us assume now that 𝛿0 = +∞ to prove (ii). Then, for all positive 𝑐 ≤ 𝑐0, one has

𝜚𝑐(𝑠) =

(
𝑐

𝑐0

)1∕𝑑
𝜚0(𝑠) ≤ 𝜚0(𝑠) < 1 ∀𝑠 ∈ [0, +∞),

which clearly implies that 𝜚𝑐 ∶ [0, +∞) → [0, 1) is well defined and satisfies the conditions (C1)–(C4) of Definition 5.1,
showing that𝑊𝑐 is𝑀-admissible. Therefore, Theorem 5.3-(ii) applies. This shows (ii) and finishes our proof. □

Remark 5.5. Theorem 5.4 can be improved under the additional assumption that𝑊𝑐 is uniformly elliptic, in the sense that
there exists a constant 𝑎 > 0 such that 𝜕𝑓

𝜕𝑥𝑖
≥ 𝑎 in Γ+. In this case,𝑊𝑐 is𝑀-admissible for any 𝑐 > 0. To see this, we make

use of the construction of 𝜚𝑐 ∶ [0, 𝛿𝑐) → [0, 1) as above. As already explained, to prove that𝑊𝑐 is𝑀-admissible it suffices
to show that, if 𝛿𝑐 < ∞, lim𝑠→𝛿𝑐 𝜚

′
𝑐(𝑠) exists and is finite.

First, note that if 𝛿𝑐 ≤ 𝛿0, then lim𝑠→𝛿𝑐 𝜚′𝑐(𝑠) = (𝑐∕𝑐0)1∕𝑑 𝜚′0(𝛿𝑐) < ∞, so we may assume that 𝛿𝑐 > 𝛿0. In this case, set

𝜆𝑖 = −𝑘
𝛿𝑐
𝑖
𝜚𝑐(𝛿𝑐), 𝑖π = 1, 2, … , 𝑛 − 1.

Then, the assumption that 𝜕𝑓

𝜕𝑥𝑛
≥ 𝑎 > 0 implies that lim𝑥→∞ 𝑓(𝜆1, … , 𝜆𝑛−1, 𝑥) = ∞, hence Equation (5.10) implies that

the function 𝜚′𝑐(𝑠) is uniformly bounded.
Next, we prove that the limit lim𝑠→𝛿𝑐 𝜚

′
𝑐(𝑠) exists. Let (𝑠𝑚)𝑚∈ℕ and (𝑡𝑚)𝑚∈ℕ be two sequences in (0, 𝛿𝑐)with 𝑠𝑚, 𝑡𝑚 ↗ 𝛿𝑐

and such that

lim
𝑚→∞

𝜚′𝑐(𝑠𝑚) = 𝛼1 ∈ [0,∞), lim
𝑚→∞

𝜚′𝑐(𝑡𝑚) = 𝛼2 ∈ [0,∞).

Then, Equation (5.10) implies that

𝑓(𝜆1, … , 𝜆𝑛−1, 𝛼1) = 𝑐 = 𝑓(𝜆1, … , 𝜆𝑛−1, 𝛼2),

from where we obtain that 𝛼1 = 𝛼2, since
𝜕𝑓

𝜕𝑥𝑛
> 𝑎 > 0. Thus, lim𝑠→𝛿𝑐 𝜚

′(𝑠) exists and is finite, proving that 𝑊𝑐 is
𝑀-admissible.

Example 5. Given constants 𝑎, 𝑏 > 0, let 𝑓 ∶ ℝ𝑛 → ℝ be the symmetric homogeneous function of degree 2 defined by

𝑓 = 𝑎‖𝐴‖2 + 𝑏𝐻2.
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4724 de LIMA et al.

For any given 𝑐 > 0,𝑊𝑐 = 𝑓 − 𝑐 is clearly an elliptic Weingarten function. Considering Lemma 4.3 for𝑀 = ℚ𝑛𝜖 ,𝑊 =

𝑊𝑐, andℱ as in (5.1), the ODE (4.3) takes the form:

𝑎(𝜚′(𝑠))2 + (𝑛 − 1)𝑏 cot𝜖(𝑠)𝜚(𝑠)𝜚
′(𝑠) + (𝛼 cot𝜖(𝑠)𝜚

2(𝑠) − 𝑐) = 0, (5.11)

where 𝛼 ∶= (𝑛 − 1)𝑎 + 𝑏
(𝑛−1
2

)
.

Note that, for any 𝑎 > 0, we can choose 𝑏 > 0 in such a way that

(𝑛 − 1)2𝑏2 − 4𝑎𝛼 = 0. (5.12)

Indeed, this equality is equivalent to the quadratic equation for 𝑏:

(𝑛 − 1)𝑏2 − 2(𝑛 − 2)𝑎𝑏 − 4𝑎2 = 0, (5.13)

which is easily seem to have a positive root.
Assuming Equation (5.12), we can solve Equation (5.11) for 𝜚′, obtaining

𝜚′(𝑠) = −
(𝑛 − 1)𝑏

2𝑎
cot𝜖(𝑠)𝜚(𝑠) +

√
𝑎𝑐

𝑎
⋅ (5.14)

Setting 𝛽 ∶= (𝑛−1)𝑏

2𝑎
and𝜖 ∶= ℚ𝑛𝜖

, as in Equation (5.2), the standard method of resolution of linear ODE’s gives that

𝜚(𝑠) =

√
𝑎𝑐

𝑎

∫ 𝑠
0
sin

𝛽
𝜖 (𝑢)𝑑𝑢

sin
𝛽
𝜖 (𝑠)

, 𝑠 ∈ (0,𝜖),

is a (positive) solution to Equation (5.14). A direct computation yields

lim
𝑠→0

𝜚(𝑠) = 0 and lim
𝑠→0
(cot𝜖(𝑠)𝜚(𝑠)) =

√
𝑎𝑐

𝑎(𝛽 + 1)
⋅ (5.15)

Also, from Equation (5.14) and the second equality in Equation (5.15), we have

lim
𝑠→0

𝜚′(𝑠) =

√
𝑎𝑐

𝑎(𝛽 + 1)
> 0. (5.16)

Hence, 𝜚′(𝑠) > 0 for 𝑠 > 0 sufficiently small. In fact, one has 𝜚′ > 0 in (0,𝜖). Otherwise, there would exist 𝑠0 > 0 such
that 𝜚′(𝑠0) = 0 and 𝜚′(𝑠) > 0 for all 𝑠 ∈ (0, 𝑠0). Then, Equation (5.14) would give

𝜚′′(𝑠0) =
𝛽𝜚(𝑠0)

sin
2
𝜖 (𝑠0)

> 0,

that is, 𝑠0 would be a local minimum for 𝜚, contradicting that 𝜚′ > 0 in 𝑠 ∈ (0, 𝑠0).
Again by a direct computation, we have

lim
𝑠→𝜖 𝜚(𝑠) =

⎧⎪⎪⎨⎪⎪⎩
+∞ if 𝜖 = 0,√
𝑎𝑐

𝛽
if 𝜖 = −1,√

𝑎𝑐 𝐼(𝛽) if 𝜖 = 1,
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de LIMA et al. 4725

where 𝐼(𝛽) ∶= ∫ 𝜋∕2
0

sin
𝛽
(𝑠)𝑑𝑠 ≤ 1. Thus, we can define 𝛿𝑐 ∶= 𝜚−1(1) < 𝜖 in any of the following occurrences:

∙ 𝜖 = 0.
∙ 𝜖 = −1 and

√
𝑎𝑐

𝛽
> 1.

∙ 𝜖 = 1 and
√
𝑎𝑐 𝐼(𝛽) > 1.

In any of these cases, it follows from Equation (5.14) that

lim
𝑠→𝛿𝑐

𝜚′(𝑠) < +∞.

Finally, we set 𝛿𝑐 = +∞ if 𝜖 = −1 and
√
𝑎𝑐

𝛽
≤ 1.

It follows from the above considerations that, for any 𝑎 > 0 and any 𝑏 > 0 satisfying Equation (5.13), 𝑊𝑐 = 𝑓 − 𝑐 is
ℚ𝑛𝜖 -admissible for all 𝑐 > 0. (However, for 𝜖 = 1, 𝛿𝑐 = 𝜋∕2 = 𝜖 if

√
𝑎𝑐 𝐼(𝛽) ≤ 1.) Furthermore, Theorem 5.3-(i) applies

in the case 𝛿𝑐 < 𝜖, and Theorem 5.3-(ii) applies in the case 𝜖 = −1 and 𝛿𝑐 = +∞. (Notice that, for 𝜖 = 0, the𝑊𝑐-sphere
obtained from Theorem 5.3-(i) is totally umbilical and has radius 𝑅 = 𝑎(1 + 𝛽)∕

√
𝑎𝑐.)

6 SYMMETRIC HYPERSURFACES OF CONSTANT SCALAR CURVATURE INℚ𝒏𝝐 × ℝ

In this section, we consider hypersurfaces of CSC ofℚ𝑛𝜖 × ℝ, 𝜖 ≠ 0, which are symmetric, meaning that they are invariant
by elliptic, parabolic or hyperbolic isometries. Any such isometry is determined by a parallel familyℱ of totally umbilical
hypersurfaces ofℚ𝑛𝜖 , that is, geodesic spheres (elliptic), horospheres (parabolic) or equidistant hypersurfaces (hyperbolic).
In particular, hypersurfaces invariant by elliptic isometries are the rotational ones.

Remark 6.1. Regarding the notation ℚ𝑛𝜖 , we will assume from now on that 𝜖 ≠ 0, that is, ℚ𝑛𝜖 will refer only to ℍ𝑛 or 𝕊𝑛.
Let us start by showing that CSC hypersurfaces in ℚ𝑛𝜖 × ℝ are Weingarten hypersurfaces. Indeed, assuming 𝑛 ≥ 3,

consider a hypersurface 𝛴 of ℚ𝑛𝜖 × ℝ and set 𝐾(𝑋,𝑌) for its sectional curvature determined by 𝑋,𝑌 ∈ 𝑇𝛴. Given an
orthonormal frame {𝑋1 , … , 𝑋𝑛} of principal directions in 𝑇𝛴, it follows from Gauss equation (2.3) that:

𝐾(𝑋𝑖 , 𝑋𝑗) = 𝑘𝑖𝑘𝑗 + 𝜖(1 − ‖𝑇𝑖𝑗‖2), 𝑖 ≠ 𝑗 ∈ {1, … , 𝑛}, (6.1)

where 𝑘𝑖 is the principal curvature in the direction 𝑋𝑖 , and 𝑇𝑖𝑗 is the orthogonal projection of 𝑇 on the plane of 𝑇𝛴
determined by 𝑋𝑖 and 𝑋𝑗 .
In this setting, we have that the (nonnormalized) scalar curvature 𝑆 of 𝛴 is:

𝑆 =
∑
𝑖≠𝑗
𝐾(𝑋𝑖, 𝑋𝑗).

Considering the equality 𝑇 = 𝜕𝑡 − 𝛩𝑁 and noticing that∑
𝑖≠𝑗

‖𝑇𝑖𝑗‖2 = 2(𝑛 − 1)‖𝑇‖2 = 2(𝑛 − 1)(1 − 𝛩2),
we have from Equation (6.1) that

𝑆 = 2𝐻2 + 𝜖(𝑛 − 1)(2𝛩
2 + 𝑛 − 2). (6.2)

Therefore, given 𝑐 ∈ ℝ, defining𝑊𝑐 ∶ ℝ
𝑛 × [0, 1] → ℝ by

𝑊𝑐(𝑘1 , … , 𝑘𝑛, 𝛩
2) = 2𝐻2(𝑘1 , … , 𝑘𝑛) + 𝜖(𝑛 − 1)(2𝛩

2 + 𝑛 − 2) − 𝑐, (6.3)

we have that𝑊𝑐 is elliptic Weingarten, and also that a𝑊𝑐-hypersurface of ℚ𝑛𝜖 × ℝ has CSC 𝑆 = 𝑐.
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4726 de LIMA et al.

Now, choose a family

ℱ ∶= {𝑓𝑠 ∶ 𝑀0 → ℚ𝑛𝜖 ; 𝑠 ∈ 𝐼}

of parallel totally umbilical hypersurfaces of ℚ𝑛𝜖 , and write 𝛼(𝑠) for the principal curvature of 𝑓𝑠 ∈ ℱ. In this setting, the
equalities (3.7) take the form:

𝑘𝑖 = −𝛼𝜚 (𝑖 = 1, … , 𝑛 − 1) and 𝑘𝑛 = 𝜚
′,

which gives

2𝐻2(𝑘1, … , 𝑘𝑛) = −2(𝑛 − 1)𝛼𝜚𝜚
′ + (𝑛 − 1)(𝑛 − 2)𝜚2𝛼2.

Since 𝛩2 = 1 − 𝜚2, we have that the equality𝑊𝑐(𝑘1, … , 𝑘𝑛) = 0 for 𝑘1, … , 𝑘𝑛 as above (that is, the ODE (4.3) for𝑊 = 𝑊𝑐)
is equivalent to

(𝑛 − 1)(−2𝛼𝜚𝜚′ + ((𝑛 − 2)𝛼2 − 2𝜖)𝜚2 + 𝑛𝜖) = 𝑐. (6.4)

Setting τ ∶= 𝜚2, Equation (6.4) becomes

(𝑛 − 1)(−𝛼τ′ + ((𝑛 − 2)𝛼2 − 2𝜖)τ + 𝑛𝜖) = 𝑐. (6.5)

Equation (6.1) also gives that the sectional curvatures 𝐾(𝑋𝑖 , 𝑋𝑗) of an (𝑓𝑠, 𝜙)-graph 𝛴 as in Lemma 4.3 are given by
(recall that 𝑇 is a principal direction of 𝛴):

𝐾(𝑋𝑖 , 𝑋𝑗) = 𝛼
2𝜚2 + 𝜖 (𝑖 ≠ 𝑗 = 1,… , 𝑛 − 1).

𝐾(𝑋𝑖, 𝑋𝑛) = −𝛼𝜚𝜚
′ + 𝜖(1 − 𝜚2) (𝑖 = 1, … , 𝑛 − 1).

(6.6)

In particular, 𝛴 has constant sectional curvature if and only if 𝜚 satisfies

𝛼𝜚𝜚′ + (𝛼2 + 𝜖)𝜚2 = 0. (6.7)

Remark 6.2. Throughout this section,𝑊𝑐 will always denote theWeingarten function defined in Equation (6.3). We stress
that 𝛴 ⊂ ℚ𝑛𝜖 × ℝ has the CSC 𝑐 if and only if 𝛴 is a𝑊𝑐-hypersurface.

6.1 Rotational constant scalar curvature hypersurfaces of ℚ𝒏𝝐 × ℝ

Setting 𝜖 ∶= ℚ𝑛𝜖
, as in Equation (5.2), we have that any principal curvature of a geodesic sphere of ℚ𝑛𝜖 of radius 𝑠 ∈

(0,𝜖) is 𝛼(𝑠) = − cot𝜖 𝑠. In this case, Equation (6.5) takes the form

τ′(𝑠) = 𝑎(𝑠)τ(𝑠) + 𝑏(𝑠), 𝑠 ∈ (0,𝜖), (6.8)

where the functions 𝑎 and 𝑏 are given by

𝑎 = −(𝑛 − 2) cot𝜖 +2𝜖 tan𝜖 and 𝑏 =
( 𝑐

𝑛 − 1
− 𝜖𝑛

)
tan𝜖 . (6.9)

The general solution to Equation (6.8) is as follows. For fixed 𝑠0 ∈ (0, +∞) and τ0 ∈ ℝ,

τ(𝑠) =
1

𝜇(𝑠)

(
τ0 + ∫

𝑠

𝑠0

𝑏(𝑢)𝜇(𝑢)𝑑𝑢

)
, (6.10)
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de LIMA et al. 4727

where 𝜇(𝑠) = exp
(
− ∫ 𝑠

𝑠0
𝑎(𝑢)𝑑𝑢

)
and 𝑠 ∈ (0, +∞). A direct computation gives

τ(𝑠) = ℭ𝑛
sin

𝑛
𝜖 (𝑠) − sin

𝑛
𝜖 (𝑠0)

sin
𝑛−2
𝜖 (𝑠) cos2𝜖 (𝑠)

+ τ0
sin

𝑛−2
𝜖 (𝑠0) cos

2
𝜖 (𝑠0)

sin
𝑛−2
𝜖 (𝑠) cos2𝜖 (𝑠)

, (6.11)

where ℭ𝑛 is the constant defined as

ℭ𝑛 ∶=
𝑐 − 𝜖𝑛(𝑛 − 1)

𝑛(𝑛 − 1)
⋅ (6.12)

Note that there exists a solution τ which is defined at the singular point 𝑠0 = 0 and satisfies τ(0) = 0. Namely,

τ(𝑠) = ℭ𝑛 tan
2
𝜖 (𝑠). (6.13)

In this case, since τ is required to be a nonnegative function, we must have ℭ𝑛 ≥ 0, that is 𝑐 ≥ 𝜖𝑛(𝑛 − 1). If 𝑐 = 𝜖𝑛(𝑛 −
1), the function τ, and so 𝜚, vanishes identically, and the corresponding (𝑓𝑠, 𝜙)-graph is nothing but a totally geodesic
horizontal hyperplane ofℚ𝑛𝜖 × ℝ. So, we shall assume ℭ𝑛 > 0.
If 𝑐 > 0 and 𝜖 = −1, we have that ℭ𝑛 > 1, so that arctan𝜖(1∕

√
ℭ𝑛) is well defined for these values of 𝑐 and 𝜖 (as well as

for 𝑐 > 0 and 𝜖 = 1). On the other hand,ℭ𝑛 ≤ 1 if 𝑐 ≤ 0 and 𝜖 = −1. These facts and equality (6.13) imply that, in any case,
𝑊𝑐 is ℚ𝑛𝜖 -admissible and its associated function 𝜚 is

𝜚(𝑠) =
√
ℭ𝑛 tan𝜖(𝑠), 𝑠 ∈ [0, 𝛿), (6.14)

where 𝛿 > 0 is given by

𝛿 ∶=

{
arctan𝜖(1∕

√
ℭ𝑛) if 𝑐 > 0

+∞ if 𝑐 ≤ 0.
(Note that the condition (C4) in Definition 5.1 is easily checked.) In particular, 𝜚 fulfills the conditions of Theorem 5.3,
where case (i) occurs if 𝑐 > 0, and case (ii) occurs if 𝑐 ≤ 0. Finally, a direct computation gives that 𝜚 satisfies Equation (6.7).
Summarizing, we have the following result.

Theorem 6.3. Given 𝑛 ≥ 3, for all 𝑐 > 𝜖𝑛(𝑛 − 1), there exists a properly embedded strictly convex (and so elliptic) rotational
𝑊𝑐-hypersurface 𝛴 in ℚ𝑛𝜖 × ℝ which is necessarily of constant sectional curvature 𝐾 = 𝑐∕(𝑛(𝑛 − 1)) > 𝜖. Furthermore, if
𝑐 > 0, 𝛴 is a sphere as in Theorem 5.3-(i), and if 𝑐 ≤ 0, 𝛴 is an entire graph as in Theorem 5.3-(ii).

Let us consider Equation (6.8) again and look for solutions satisfying τ(𝜆) = 1 and τ′(𝜆) < 0 for suitable values of 𝑠0 = 𝜆.
In this case, we must have 𝑎(𝜆) + 𝑏(𝜆) < 0, which yields the inequality

(𝑛ℭ𝑛 + 2𝜖) tan
2
𝜖 (𝜆) < (𝑛 − 2). (6.15)

Assume 𝑐 > 𝜖𝑛(𝑛 − 1) and define 𝛿𝜖(𝑐) ∈ (0, ∞] as

𝛿𝜖(𝑐) = sup{𝜆 > 0 ∣ (𝑛ℭ𝑛 + 2𝜖) tan
2
𝜖 (𝜆) < (𝑛 − 2)}.

Then, we have:

Theorem 6.4. Given 𝑐 > 𝜖𝑛(𝑛 − 1), there exists a one-parameter family

𝒮 = {𝛴(𝜆) ; 𝜆 ∈ (0, 𝛿𝜖(𝑐))}
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4728 de LIMA et al.

F IGURE 3 The two types of rotational
𝑊𝑐-annuli ofℚ𝑛𝜖 × ℝ, where the one on the
right occurs only for 𝜖 = −1.

of properly embedded rotational𝑊𝑐-hypersurfaces in ℚ𝑛𝜖 × ℝ which are all homeomorphic to the 𝑛-annulus 𝕊𝑛−1 × ℝ. In
addition, the following assertions hold:

i) If either 𝜖 = −1 and ℭ𝑛 > 1, or 𝜖 = 1, each 𝛴(𝜆) ∈ 𝒮 is Delaunay-type, that is, it is periodic in the vertical direction, and
has unduloids as its 𝑇-trajectories.

ii) If 𝜖 = −1 and ℭ𝑛 ≤ 1, each hypersurface 𝛴(𝜆) ∈ 𝒮 is symmetric with respect to ℚ𝑛𝜖 × {0} and has unbounded height
function.

Proof. Given 𝑠0 = 𝜆 ∈ (0, 𝛿𝜖(𝑐)), let τ be the solution of Equation (6.8) satisfying τ(𝜆) = 1. Then, from the definition of 𝛿𝜖(𝑐),
and equalities (6.8) and (6.9), it follows that τ′(𝜆) < 0, so that τ is decreasing near 𝜆. Since we are assuming 𝑐 > 𝜖𝑛(𝑛 − 1),
we have thatℭ𝑛 is positive, and so is 𝑏 = 𝑛ℭ𝑛 tan𝜖. This, together with Equation (6.10), implies that τ is positive on (𝜆,𝜖).
Also, from Equation (6.13), one has

lim
𝑠→𝜖 τ(𝑠) =

{
ℭ𝑛 if 𝜖 = −1

+∞ if 𝜖 = 1.
(6.16)

Therefore, if 𝜖 = 1 or if 𝜖 = −1 and ℭ𝑛 > 1, there exists 𝜆̄ > 𝜆 such that

0 < τ|(𝜆,𝜆̄) < 1 and τ(𝜆) = τ(𝜆̄) = 1.

Let us see that τ′(𝜆̄) ≠ 0. Assuming otherwise, we have 𝑎(𝜆̄) = −𝑏(𝜆̄), so that (𝑛ℭ𝑛 + 2𝜖) tan2𝜖 (𝜆̄) = 𝑛 − 2. In particular,
𝑛ℭ𝑛 + 2𝜖 > 0. However,

τ′′(𝜆̄) = 𝑎′(𝜆̄) + 𝑏′(𝜆̄) =
𝑛 − 2

sin
2
𝜖 (𝜆̄)

+
𝑛ℭ𝑛 + 2𝜖

cos2𝜖 (𝜆̄)
> 0,

which implies that 𝜆̄ is a local minimum of τ. This is a contradiction, since 𝜆̄ is a maximum for τ in (𝜆, 𝜆̄]. Thus, τ′(𝜆̄) > 0.
It follows from the above considerations that, setting τ𝜆 ∶= τ|(𝜆,𝜆̄), we can proceed as in the proof of Theorem 5.3 and

conclude that the (𝑓𝑠, 𝜙)-graph 𝛴′(𝜆) with 𝜚-function 𝜚 =
√
τ𝜆 is a bounded𝑊𝑐-hypersurface ofℚ𝑛𝜖 × ℝ. Moreover, 𝛴′(𝜆)

is homeomorphic to 𝕊𝑛−1 × (𝜆, 𝜆̄) and has boundary

𝜕𝛴′(𝜆) = (𝑆𝜆(𝑜) × {0}) ∪ (𝑆𝜆̄(𝑜) × {𝜙(𝜆̄)}),

where 𝑆𝑠(𝑜) denotes the sphere ofℚ𝑛𝜖 with radius 𝑠 and center at 𝑜 (Figure 3a).
Since 𝜚(𝜆) = 𝜚(𝜆̄) = 1, the tangent spaces of 𝛴′(𝜆) are vertical along its boundary 𝜕𝛴′(𝜆). Moreover, 𝛴′(𝜆) extends 𝐶2-

smoothly to 𝜕𝛴′(𝜆), for τ′(𝜆) and τ′(𝜆̄) (and so 𝜚′(𝜆) and 𝜚′(𝜆̄)) are both finite. Therefore, we obtain a properly embedded
rotational𝑊𝑐-hypersurface 𝛴(𝜆) from 𝛴′(𝜆) by continuously reflecting it with respect to the horizontal hyperplanesℚ𝑛𝜖 ×
{𝑘𝜙(𝜆̄)}, 𝑘 ∈ ℤ. This proves (i).
To prove (ii), let us suppose that 𝜖 = −1 and ℭ𝑛 ≤ 1. In this case, Equation (6.16) yields

0 < τ|(𝜆,+∞) < 1,
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de LIMA et al. 4729

so that the (𝑓𝑠, 𝜙)-graph 𝛴′(𝜆) determined by 𝜚 =
√
τ|(𝜆,+∞) is a 𝑊𝑐-hypersurface of ℍ𝑛 × ℝ with boundary 𝜕𝛴′(𝜆) =

𝑆𝜆(𝑜) × {0} (Figure 3b). By reflecting 𝛴′(𝜆) with respect to ℚ𝑛𝜖 × {0}, as we did before, we obtain the embedded
𝑊𝑐-hypersurface 𝛴(𝜆) as stated.
It remains to show that the height function of 𝛴(𝜆) is unbounded. For that, we have just to observe that the infimum

of τ in [𝜆, +∞) is positive, since τ itself is positive in this interval, and its limit as 𝑠 → +∞ is ℭ𝑛. So, the same is true for
𝜚 =

√
τ. Therefore,

𝜙(𝑠) = ∫
𝑠

𝜆

𝜚(𝑢)√
1 − 𝜚2(𝑢)

𝑑𝑢 > ∫
𝑠

𝜆

𝜚(𝑢)𝑑𝑢 > inf 𝜚|[𝜆,+∞)(𝑠 − 𝜆),
from which we conclude that 𝜙 is unbounded. This finishes the proof of (ii). □

6.2 Translational constant scalar curvature hypersurfaces of ℍ𝒏 × ℝ

Now, we consider hypersurfaces of constant negative scalar curvature in ℍ𝑛 × ℝ which are invariant by either parabolic
or hyperbolic translations. Recall that, in hyperbolic space ℍ𝑛, parabolic translations are isometries which fix parallel
families of horospheres, whereas hyperbolic translations are those which fix parallel families of equidistant hypersurfaces
to a totally geodesic hyperplane ofℍ𝑛. In the upper half-space model ofℍ𝑛, horizontal Euclidean translations along fixed
horizontal directions are parabolic, and Euclidean homotheties from the origin are hyperbolic. It is easily seen that any of
these isometries extend to an isometry of ℍ𝑛 × ℝ which fixes the factor ℝ pointwise.
Starting with the parabolic case, let us first consider (𝑓𝑠, 𝜙)-graphs such that

ℱ ∶= {𝑓𝑠 ∶ ℝ
𝑛−1 → ℍ𝑛 ; 𝑠 ∈ (−∞,+∞)}

is a parallel family of horospheres of ℍ𝑛. Since the principal curvatures of any horosphereℋ𝑠 ∶= 𝑓𝑠(ℝ
𝑛−1) are all equal

to 1, Equation (6.5) becomes

τ′(𝑠) = 𝑛τ(𝑠) −
𝑐 + 𝑛(𝑛 − 1)

𝑛 − 1
⋅ (6.17)

Consider a constant 𝑐 ∈ [−𝑛(𝑛 − 1), 0) and write

𝑏𝑐 = −
𝑐 + 𝑛(𝑛 − 1)

𝑛 − 1
, (6.18)

so that 0 ≤ −𝑏𝑐∕𝑛 < 1. In this setting, the constant function

τ𝑐(𝑠) = −
𝑏𝑐
𝑛
, 𝑠 ∈ (−∞,+∞),

is a trivial solution of Equation (6.17) satisfying 0 ≤ τ𝑐 < 1. The function 𝜚𝑐 =√
τ
𝑐
is also constant, and so it is a solution

of Equation (6.7) (for 𝛼 = 1 and 𝜖 = −1). Hence, defining

𝜙𝑐(𝑠) = ∫
𝑠

0

𝜚𝑐(𝑢)√
1 − 𝜚2𝑐 (𝑢)

𝑑𝑢 =
𝜚𝑐√
1 − 𝜚2𝑐

𝑠, 𝑠 ∈ (−∞,+∞),

we have from Lemma 4.3 that the (𝑓𝑠, 𝜙𝑐)-graph 𝛴1(𝑐) is entire and has the constant sectional curvature 𝐾 = 𝜚2𝑐 − 1 =
−𝛩. In particular, 𝛴1(𝑐) has constant angle function, and CSC 𝑐 = −𝑛(𝑛 − 1)𝛩. Also, from identities (3.7), all principal
curvatures of 𝛴1(𝑐) are nonpositive, so that 𝛴1(𝑐) is convex (but not strictly convex, since 𝑘𝑛 = 𝜚′𝑐 = 0).
We add that, for 𝜚𝑐 = 0,𝛴1(𝑐) is a horizontal hyperplane ofℚ𝑛𝜖 × ℝ of CSC 𝑐 = −𝑛(𝑛 − 1). Moreover, τ𝑐 = −𝑏𝑐∕𝑛 → 1 as

𝑐 → 0, which implies that the angle function of𝛴1(𝑐) goes to 0 as 𝑐 → 0. Consequently, as 𝑐 → 0,𝛴1(𝑐) converges uniformly
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4730 de LIMA et al.

(on compact sets) to the cylinderℋ0 × ℝ over the horosphereℋ0 = 𝑓0(ℝ
𝑛−1) ⊂ ℍ𝑛. (Note that, for all 𝑐 ∈ [−𝑛(𝑛 − 1), 0),

𝛴1(𝑐) ∩ (ℍ
𝑛 × {0}) = ℋ0.)

A direct computation also gives that the nonconstant function

τ𝑐(𝑠) =

(
1 +

𝑏𝑐
𝑛

)
e𝑛𝑠 −

𝑏𝑐
𝑛
, 𝑠 ∈ (−∞, 0], (6.19)

with 𝑏𝑐 as in Equation (6.18), is the solution of Equation (6.17) which satisfies:

0 < τ𝑐(𝑠) ≤ 1 = τ𝑐(0) ∀𝑠 ∈ (−∞, 0].
Moreover, since τ′𝑐(0) > 0, as in the proof of Theorem 5.3, we have that

𝜙𝑐(𝑠) = ∫
𝑠

0

𝜚𝑐(𝑢)√
1 − 𝜚2𝑐 (𝑢)

𝑑𝑢, 𝑠 ∈ (−∞, 0],

is well defined.
Assume 𝑐 > −𝑛(𝑛 − 1). Considering equality (6.19), one has

𝜚𝑐 ∶=
√
τ ≥ √

−𝑏𝑐∕𝑛 > 0.

Thus, for all 𝑠 ∈ (−∞, 0),

−𝜙𝑐(𝑠) = ∫
0

𝑠

𝜚𝑐(𝑢)√
1 − 𝜚2𝑐 (𝑢)

𝑑𝑢 ≥ ∫
0

𝑠

𝜚𝑐(𝑢)𝑑𝑢 ≥ √
−𝑏𝑐∕𝑛(−𝑠),

which implies that 𝜙𝑐 is unbounded below. On the other hand, if 𝑐 = −𝑛(𝑛 − 1), then 𝑏𝑐 = 0, which yields 𝜚𝑐(𝑠) = e𝑛𝑠∕2.
Hence, in this case,

−𝜙𝑐(𝑠) = ∫
0

𝑠

e𝑛𝑢∕2√
1 − e𝑛𝑢

𝑑𝑢 =
2

𝑛 ∫
1

e𝑛𝑠∕2

𝑑𝜚𝑐√
1 − 𝜚2𝑐

=
2

𝑛

(𝜋
2
− arcsin(e𝑛𝑠∕2)

)
,

which gives that 𝜙𝑐(𝑠) > −𝜋∕𝑛 ∀𝑠 ∈ (−∞, 0], and that 𝜙𝑐(𝑠) → −𝜋∕𝑛 as 𝑠 → −∞.
Therefore, the (𝑓𝑠, 𝜙𝑐)-graph 𝛴′2(𝑐) is a𝑊𝑐-hypersurface of ℍ𝑛 × ℝ with boundaryℋ0 × {0}. Also, the height function

of 𝛴′2(𝑐) is unbounded below if 𝑐 > −𝑛(𝑛 − 1) and, if 𝑐 = −𝑛(𝑛 − 1),𝛴′2(𝑐) is contained in the slab ℍ
𝑛 × (−𝜋∕2, 0], being

asymptotic to the horizontal hyperplane 𝑃−𝜋∕2 ∶= ℍ𝑛 × {−𝜋∕2}. Note that 𝛴′2(𝑐) is nowhere convex, for its principal cur-
vatures are all negative, except for 𝑘𝑛 = 𝜚′ > 0. In addition, the tangent spaces of 𝛴′2(𝑐) along its boundary are all vertical,
for 𝜙′𝑐(𝑠) → +∞ as 𝑠 → 0, and 𝛴′2(𝑐) extends 𝐶

2-smoothly to 𝜕𝛴′2(𝑐), for 𝜚
′
𝑐(0) > 0.

We conclude from the above considerations that the hypersurface 𝛴2(𝑐) obtained by the union of the closure of 𝛴′2(𝑐)
with its reflection with respect to the hyperplane 𝑃0 ∶= ℍ𝑛 × {0} is a properly embedded hypersurface ofℍ𝑛 × ℝwhich is
invariant by parabolic translations, since the vertical projections of its horizontal sections over ℍ𝑛 × {0} are horospheres
all centered at the same point at infinity (Figure 4).
Finally, we observe that, since 𝑏𝑐∕𝑛 → −1 as 𝑐 → 0, given 𝜖0 > 0, there exists 𝑐0 > 0 such that

||||𝑏𝑐𝑛 + 1|||| < 𝜖02 ∀𝑐 ∈ (0, 𝑐0).

Hence, from Equation (6.19), one has

|τ𝑐(𝑠) − 1| ≤ ||||𝑏𝑐𝑛 + 1||||e𝑛𝑠 + ||||𝑏𝑐𝑛 + 1|||| < 𝜖0 ∀𝑠 ∈ (−∞, 0), ∀𝑐 ∈ (0, 𝑐0),
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de LIMA et al. 4731

F IGURE 4 Half of the constant scalar curvature
(CSC) Weingarten hypersurfaces of Theorem 6.5(ii),
where the one on the left is supposed to be
unbounded below. (Note we are considering the
Poincará ball model of ℍ𝑛.)

which implies that, as 𝑐 → 0,τ𝑐 converges uniformly to the constant function τ = 1 on (−∞, 0]. Since 𝜕𝛴′2(𝑐) = ℋ0 ∀𝑐 ∈

[−𝑛(𝑛 − 1), 0), likewise the hypersurfaces𝛴1(𝑐) above,𝛴2(𝑐) converges uniformly (on compact sets) to the cylinderℋ0 × ℝ

over the horosphereℋ0 = 𝑓0(ℝ
𝑛−1) ⊂ ℍ𝑛 as 𝑐 → 0. Note that 𝑇 = 𝜕𝑡 is a principal direction ofℋ0 × ℝwhose correspond-

ing principal curvature vanishes identically. Besides, its other principal curvatures are all equal to 1, and the corresponding
principal directions are all tangent to ℋ0. Thus, by Gauss equation (6.1), ℋ0 × ℝ is flat, that is, has vanishing sectional
curvature everywhere.
Therefore, we have the following result.

Theorem 6.5. Given 𝑛 ≥ 3 and 𝑐 ∈ [−𝑛(𝑛 − 1), 0), there are two properly embedded 𝑊𝑐-hypersurfaces 𝛴1(𝑐) and 𝛴2(𝑐)
in ℍ𝑛 × ℝ which are homeomorphic to ℝ𝑛 and invariant by parabolic translations. In addition, they have the following
properties:

i) 𝛴1(𝑐) is a convex (nowhere strictly convex) entire graph over ℍ𝑛 with constant sectional curvature 𝐾 = 𝑐∕(𝑛(𝑛 − 1)) ∈
[−1, 0) and constant angle function. For 𝑐 = −𝑛(𝑛 − 1),𝛴1(𝑐) is a totally geodesic horizontal hyperplane of ℍ𝑛 × ℝ of
constant sectional curvature 𝐾 = −1.

ii) 𝛴2(𝑐) is nowhere convex and symmetric with respect to ℍ𝑛 × {0}. If 𝑐 > −𝑛(𝑛 − 1), the height function of 𝛴2(𝑐) is
unbounded, and if 𝑐 = −𝑛(𝑛 − 1), 𝛴2(𝑐) is contained in the slab ℍ𝑛 × (−𝜋∕𝑛, 𝜋∕𝑛), being asymptotic to the horizontal
hyperplanes 𝑃−𝜋∕𝑛 and 𝑃𝜋∕𝑛.

Furthermore, as 𝑐 → 0, both𝛴1(𝑐) and𝛴2(𝑐) converge uniformly (on compact sets) to a flat cylinderℋ0 × ℝ over a horosphere
ℋ0 of ℍ𝑛.

Now, we proceed to construct properly embedded𝑊𝑐-hypersurfaces inℍ𝑛 × ℝwhich are invariant by hyperbolic trans-
lations. On that account, consider an isometric immersion 𝑓0 ∶ ℝ𝑛−1 → ℍ𝑛 such that 𝑓0(ℝ𝑛−1) is a totally geodesic
hyperplane of ℍ𝑛 and let

ℱ ∶= {𝑓𝑠 ∶ ℝ
𝑛−1 → ℍ𝑛 ; 𝑠 ∈ (−∞,+∞)}

be the parallel family of equidistant hypersurfaces to 𝑓0 in ℍ𝑛. Each 𝑓𝑠 is totally umbilical with principal curvatures
𝛼(𝑠) = − tanh(𝑠). Hence, in this setting, and for 𝑠 > 0, Equation (6.5) takes the form

τ′(𝑠) = 𝑎(𝑠)τ(𝑠) + 𝑏(𝑠), 𝑠 ∈ (0, +∞), (6.20)

where the functions 𝑎 and 𝑏 are given by

𝑎(𝑠) = −2 coth(𝑠) − (𝑛 − 2) tanh(𝑠) and 𝑏(𝑠) = 𝑛ℭ𝑛 coth(𝑠), (6.21)

being ℭ𝑛 the constant defined in Equation (6.12) for 𝜖 = −1, that is,

ℭ𝑛 =
𝑐 + 𝑛(𝑛 − 1)

𝑛(𝑛 − 1)
⋅
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4732 de LIMA et al.

As for the construction of the hypersurfaces in Theorem 6.4, we look at solutions τ of (6.20) satisfying τ(𝜆) = 1 and
τ′(𝜆) = 𝑎(𝜆) + 𝑏(𝜆) < 0 for suitable values of 𝑠0 = 𝜆. This last inequality is equivalent to

(𝑛ℭ𝑛 − 2) coth
2
(𝜆) < 𝑛 − 2, (6.22)

which is valid for all 𝜆 > 0 if 𝑛ℭ𝑛 ≤ 2. Otherwise, assuming −𝑛(𝑛 − 1) ≤ 𝑐 < 0, we have that (𝑛 − 2)∕(𝑛ℭ𝑛 − 2) > 1.
Therefore, setting

𝜆0 = 𝜆0(𝑐) = arctanh
√
ℭ𝑛,

and defining the interval 𝐼𝑐 as

𝐼𝑐 ∶=

{
(0, +∞) if 𝑛ℭ𝑛 ≤ 2
[𝜆0, +∞) if 𝑛ℭ𝑛 > 2,

we have that the inequality (6.22) holds for any 𝜆 ∈ 𝐼𝑐, so that τ′(𝜆) < 0 if τ(𝜆) = 1.
With this notation, we have the following result.

Theorem 6.6. For any 𝑐 ∈ [−𝑛(𝑛 − 1), 0), there exists a one-parameter family

𝒮 = {𝛴(𝜆) ; 𝜆 ∈ 𝐼𝑐}

of properly embedded nowhere convex 𝑊𝑐-hypersurfaces in ℍ𝑛 × ℝ which are homeomorphic to ℝ𝑛 and invariant by
hyperbolic translations. Each 𝛴(𝜆) ∈ 𝒮 is symmetric with respect to ℍ𝑛 × {0} and has the following additional properties:

i) If 𝑐 > −𝑛(𝑛 − 1), the height function of 𝛴 is unbounded above and below, and 𝛴(𝜆0) has constant sectional curvature
𝐾 =

𝑐

𝑛(𝑛−1)
∈ (−1, 0).

ii) If 𝑐 = −𝑛(𝑛 − 1), 𝛴 is contained in a slab ℍ𝑛 × (−𝜎𝜋∕𝑛, 𝜎𝜋∕𝑛), 𝜎 ∈ (0, 1], and is asymptotic to both horizontal
hyperplanes 𝑃−𝜎𝜋∕𝑛 and 𝑃𝜎𝜋∕𝑛.

Proof. Given 𝜆 ∈ 𝐼𝑐, we have from Equation (6.10) that the solution τ𝜆 of Equation (6.20) satisfying τ𝜆(𝜆) = 1 is given by

τ𝜆(𝑠) = ℭ𝑛
cosh

𝑛
(𝑠) − cosh

𝑛
(𝜆)

cosh
𝑛−2
(𝑠) sinh

2
(𝑠)

+
cosh

𝑛−2
(𝜆) sinh

2
(𝜆)

cosh
𝑛−2
(𝑠) sinh

2
(𝑠)

, 𝑠 ∈ [𝜆, +∞). (6.23)

By the definition of 𝐼𝑐, τ𝜆 is decreasing near 𝜆. Also, from Equation (6.23), τ𝜆 is positive in [𝜆, +∞). Let us see that τ𝜆
has no critical points in this interval. Assuming otherwise, let 𝑠1 > 𝜆 be such that τ′𝜆(𝑠1) = 0. Then, from Equation (6.20),
we have τ𝜆(𝑠1) = −𝑏(𝑠1)∕𝑎(𝑠1), which gives

2τ𝜆(𝑠1) − 𝑛ℭ𝑛 = 𝑛ℭ𝑛

(
2 coth(𝑠1)

2 coth(𝑠1) + (𝑛 − 2) coth(𝑠1)
− 1

)
< 0.

Therefore,
τ′′
𝜆
(𝑠1) = 𝑎

′(𝑠1)τ𝜆(𝑠1) + 𝑏
′(𝑠1) =

2τ𝜆(𝑠1) − 𝑛ℭ𝑛

sinh
2
(𝑠)

−
𝑛 − 2

cosh
2
(𝑠)

< 0,

which implies that any critical point of τ𝜆 in [𝜆, +∞) is a maximum. However, since τ𝜆 is decreasing near 𝜆, a local max-
imum point of τ𝜆 should be preceded by a minimum point. Thus, τ𝜆 has no critical points, so that it is decreasing in
[𝜆, +∞).
Therefore, the function 𝜚𝜆 =

√
τ𝜆 is well defined in [𝜆, +∞) and satisfies:

0 < 𝜚𝜆(𝑠) ≤ 1 = 𝜚𝜆(𝜆) and 𝜚′
𝜆
(𝑠) < 0 ∀𝑠 ∈ [𝜆, +∞).
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de LIMA et al. 4733

F IGURE 5 A piece of the
𝑊𝑐-hypersurface of Theorem 6.6 (case (i) on
the left, case (ii) on the right).

Hence, the associated 𝜙-function

𝜙𝜆(𝑠) = ∫
𝑠

𝜆

𝜚𝜆(𝑢)√
1 − 𝜚2

𝜆
(𝑢)

𝑑𝑢, 𝑠 ∈ [𝜆, +∞),

is well defined and satisfies 𝜙′
𝜆
(𝑠) → +∞ as 𝑠 → 𝜆. This, as before, gives that the corresponding (𝑓𝑠, 𝜙)-graph 𝛴′(𝜆) is a

𝑊𝑐-hypersurface of ℍ𝑛 × ℝ with boundary 𝑓𝜆(ℝ𝑛−1) × {0}. So, proceeding as in the previous proofs, we obtain a properly
embedded𝑊𝑐-hypersurface 𝛴(𝜆) in ℍ𝑛 × ℝ by reflecting 𝛴′(𝜆) with respect to the horizontal hyperplane ℍ𝑛 × {0}.
To prove the assertions (i) and (ii), let us first observe that Equation (6.23) yields

lim
𝑠→+∞

𝜚𝜆(𝑠) =
√
ℭ𝑛 ⋅ (6.24)

Hence, if ℭ𝑛 > 0,

𝜙𝜆(𝑠) = ∫
𝑠

𝜆

𝜚𝜆(𝑢)√
1 − 𝜚2

𝜆
(𝑢)

𝑑𝑢 ≥ ∫
𝑠

𝜆

𝜚𝜆(𝑢)𝑑𝑢 ≥ √
ℭ𝑛(𝑠 − 𝜆),

which implies that 𝜙𝜆 is unbounded. Besides, setting 𝑐 = 𝐾𝑛(𝑛 − 1), we have 𝜆0 = arctanh
√
1 + 𝐾. In this case, it is easily

checked that

𝜚𝜆0(𝑠) = (1 + 𝐾) coth(𝑠), 𝑠 ∈ [𝜆0, +∞).

However, 𝜚𝜆0 is also a solution of Equation (6.7) (for 𝛼(𝑠) = tanh(𝑠)), which implies that 𝛴(𝜆0) has constant sectional
curvature 𝐾. This proves (i).
If ℭ𝑛 = 0, we have that τ′𝜆 = 𝑎τ𝜆, which implies that 2𝜚

′
𝜆
= 𝑎𝜚𝜆. Thus, observing that sup(−1∕𝑎) = 1∕𝑛, we have

𝜙𝜆(𝑠) = ∫
𝑠

𝜆

2𝜚′
𝜆
(𝑢)

𝑎(𝑢)
√
1 − 𝜚2

𝜆
(𝑢)

𝑑𝑢 ≤ 2

𝑛 ∫
1

𝜚𝜆(𝑠)

𝑑𝜚𝜆√
1 − 𝜚2

𝜆

=
2

𝑛

(𝜋
2
− arcsin(𝜚𝜆(𝑠))

)
,

which implies that 𝜙𝜆(𝑠) < 𝜋∕𝑛. In particular, there exists 𝜎 ∈ (0, 1] such that

sup 𝜙𝜆 = 𝜎
𝜋

𝑛
,

which shows (ii) and concludes the proof (Figure 5). □

7 UNIQUENESS OF ROTATIONAL ELLIPTICWEINGARTEN SPHERES

As we have pointed out in Remark 4.2, the maximum principle applies to elliptic Weingarten hypersurfaces of 𝑀 ×ℝ.
This fact, together with the main results in [7] (see also [15, 23]), allows us to apply the Alexandrov reflection method
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4734 de LIMA et al.

to provide uniqueness results for the rotational elliptic Weingarten spheres of ℚ𝑛𝜖 × ℝ (𝜖 ≠ 0, 𝑛 ≥ 3) we constructed in
Section 5. Similar results were obtained in [8] for hypersurfaces of constant higher order mean curvatures.

Definition 7.1. Let 𝑃0 be a totally geodesic hypersurface of either hyperbolic space ℍ𝑛 or an open hemisphere 𝕊𝑛+ of 𝕊𝑛.
We call the hypersurface 𝑃 ∶= 𝑃0 × ℝ a vertical hyperplane of ℚ𝑛𝜖 × ℝ.

Regarding the spherical part of the above definition, we remark that the Alexandrov method is not effective for vertical
hyperplanes over the whole sphere. However, it works well for vertical hyperplanes over open hemispheres (cf. [1], p. 144).

Theorem 7.2 (Jellett–Liebmann-type theorem). For 𝑛 ≥ 3, let 𝛴 be a compact connected elliptic Weingarten hypersurface of
ℚ𝑛𝜖 × ℝ. Then, 𝛴 is an embedded rotational sphere.

Proof. Since 𝛴 is strictly convex and compact, [7, Theorems 1 and 2] apply and give that 𝛴 is embedded and homeomorphic
to 𝕊𝑛. In this way, we can perform Alexandrov reflections on 𝛴 with respect to horizontal hyperplanes 𝑃𝑡 ∶= ℚ𝑛𝜖 × {𝑡}
coming down from above 𝛴. Then, a standard argument using the maximum principle shows that 𝛴 is symmetric with
respect to some horizontal plane 𝑃𝑡0 .
For 𝜖 = −1, we can proceed as above by performing Alexandrov reflections on 𝛴 with respect to vertical hyperplanes of

ℍ𝑛 × ℝ to conclude that it has vertical symmetries in all directions. Therefore, 𝛴 is rotational.
For 𝜖 = 1, assuming 𝑡0 = 0 and identifying 𝕊𝑛 × {0} with 𝕊𝑛, we have that 𝛴0 ∶= 𝛴 ∩ 𝕊𝑛 is the boundary of 𝜋(𝛴) in 𝕊𝑛

and that 𝛴 ⧵ 𝛴0 has two connected components, each of which being a graph over int(𝜋(𝛴)). By [7, Lemma 1], the second
fundamental form of 𝛴0, as a hypersurface of 𝕊𝑛, is positive definite. In particular, 𝛴0 is not totally geodesic in 𝕊𝑛. Thus,
by [11, Theorem 1], 𝛴0 is contained in an open hemisphere 𝕊𝑛+ of 𝕊𝑛, which implies that the same is true for 𝜋(𝛴). Indeed,
the other option would be 𝕊𝑛 ⧵ 𝜋(𝛴) ⊂ 𝕊𝑛+, in which case 𝛴 would have at least one concave point, a contradiction with
the assumption it is strictly convex. Hence, 𝛴 ⊂ 𝕊𝑛+ × ℝ, and again we may apply Alexandrov reflections on the vertical
hyperplanes in 𝕊𝑛+ × ℝ to deduce that 𝛴 is rotational. □

Let us see now that the compactness hypothesis in Theorem 7.2 can be replaced by completeness if we add conditions
on the height function 𝜉 of 𝛴 and on its second fundamental form. This is accomplished bymeans of the following general
height estimate, obtained in [8].

Lemma 7.3 [8, Proposition 3]. Consider an arbitrary Riemannian manifold 𝑀, and let 𝛴 ⊂ 𝑀 ×ℝ be a compact vertical
graph of a nonnegative function defined on a domain Ω ⊂ 𝑀 × {0}. Assume 𝛴 strictly convex up to 𝜕𝛴 ⊂ 𝑀 × {0}. Under
these conditions, the following height estimate holds:

𝜉(𝑥) ≤ 1

inf𝛴 𝑘0
∀𝑥 ∈ 𝛴, (7.1)

where 𝑘0 is the least principal curvature function of 𝛴.

Theorem 7.4. Assume 𝑛 ≥ 3, and let 𝛴 be a complete connected elliptic Weingarten hypersurface of ℚ𝑛𝜖 × ℝ whose height
function has a local extreme point 𝑥 ∈ 𝛴. If the least principal curvature 𝑘0 of 𝛴 is bounded away from zero, then 𝛴 is an
embedded rotational sphere.

Proof. As in Theorem 7.2, 𝛴 fulfills the hypotheses of [7, Theorems 1 and 2], which implies that 𝛴 is properly embedded
and homeomorphic to either 𝕊𝑛 or ℝ𝑛. In the former case, the result follows from Theorem 7.2, so we can assume that 𝛴
is noncompact. Under this assumption, [7, Theorems 1 and 2] also give that the extreme point 𝑥 (which we assume to be
a maximum) is unique, and that the height function 𝜉 of 𝛴 is unbounded (below).
Given a horizontal hyperplane 𝑃𝑡 = ℚ𝑛𝜖 × {𝑡} with 𝑡 < 𝜉(𝑥), the part 𝛴+𝑡 of 𝛴 which lies above 𝑃𝑡 must be a vertical

graph with boundary in 𝑃𝑡. If not, for some 𝑡′ between 𝑡 and 𝜉(𝑥), 𝑃𝑡′ would be orthogonal to 𝛴 at one of its points. Then,
the boundary maximum principle would give that 𝛴 is symmetric with respect to 𝑃𝑡′ , which is impossible, since we are
assuming 𝜉 unbounded, and the closure of 𝛴+

𝑡′
in 𝛴 is compact.
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de LIMA et al. 4735

It follows from the above that, for |𝑡| sufficiently large, one has
𝜉(𝑥) − 𝑡 >

1

inf𝛴 𝑘0
≥ 1

inf𝛴+𝑡
𝑘0
,

which clearly contradicts Lemma 7.3. This finishes the proof. □

Corollary 7.5. Any complete strictly convex CSC hypersurface ofℚ𝑛𝜖 × ℝ (𝑛 ≥ 3) satisfying the hypotheses of Theorem 7.4 is
necessarily an embedded rotational sphere of constant sectional curvature 𝐾 > 𝜖.

Proof. Let 𝛴0 ⊂ ℚ𝑛𝜖 × ℝ be a strictly convex hypersurface of CSC 𝑐 (and so an elliptic 𝑊𝑐-hypersurface) which fulfills
the hypotheses of Theorem 7.4. Then, 𝛴0 is an embedded rotational 𝑊𝑐-sphere. Let 𝑜 ∈ 𝛴0 be the point of least height
on 𝛴0. Clearly, 𝛩2 = 1 at 𝑜. This, together with Equation (6.2) and the strict convexity of 𝛴0, implies that 𝑐 > 𝜖𝑛(𝑛 − 1).
Also, since 𝛴0 is rotational, in a neighborhood of 𝑜, 𝛴0 is a rotational𝑊𝑐-(𝑓𝑠, 𝜙)-graph. In particular, its 𝜚 function is the
solution of Equation (6.4), for𝛼 = −cot𝜖, which satisfies 𝜚(0) = 0. Thus, in a neighborhood of 𝑜, up to an ambient isometry,
𝛴0 coincides with the hypersurface 𝛴 of CSC 𝑐 > 𝜖𝑛(𝑛 − 1) obtained in Theorem 6.3. Since 𝛴0 and 𝛴 are both elliptic,
they must coincide. In particular, 𝛴 = 𝛴0 is compact, that is, 𝑐 > 0 and 𝛴0 is a rotational sphere of constant curvature
𝐾 = 𝑐∕(𝑛(𝑛 − 1)) > 𝜖. □

8 CONSTANT SECTIONAL CURVATURE HYPERSURFACES OFℚ𝒏𝝐 × ℝ

In this final section, we apply the methods and results developed in the previous ones to give new proofs of the main
theorems of [22]. There, for 𝑛 ≥ 3, the authors construct and classify the constant sectional curvature hypersurfaces of
ℚ𝑛𝜖 × ℝ (𝜖 ≠ 0). Their proofs rely on parameterizations of symmetric hypersurfaces of ℚ𝑛𝜖 × ℝ, as introduced in [10], as
well as on the main result of that paper. Our proofs, instead, are coordinate-free and more direct. Another distinction of
our approach is the simple way we show that constant sectional curvature hypersurfaces of ℚ𝑛𝜖 × ℝ with nonvanishing
𝑇-field have the 𝑇-property. This fact, which is also proved and nicely used in [22], plays a fundamental role here, as we
shall see.
First, let us observe that, if 𝛴 ∶= 𝛴0 × ℝ is a symmetric cylinder over a hypersurface 𝛴0 of ℚ𝑛𝜖 , then 𝛴0 is an open set

of a geodesic sphere, a horosphere or an equidistant hypersurface. Thus, from Gauss equation (6.1), we have that 𝛴 has
constant sectional curvature if and only if 𝛴0 is contained in a horosphere. If so, 𝛴 is necessarily flat. We also point out
that, by the first equality in Equation (6.6), there is no flat parabolic (𝑓𝑠, 𝜙)-graph in ℚ𝑛𝜖 × ℝ.

Theorem 8.1. Given 𝑛 ≥ 3, let 𝛴 be a connected symmetric hypersurface of ℚ𝑛𝜖 × ℝ with constant sectional curvature 𝐾.
Then, 𝐾 ≥ 𝜖 and 𝛴 is an open set of one of the following properly embedded hypersurfaces:
(i) One of the rotational hypersurfaces of constant sectional curvature 𝐾 > 𝜖 of Theorem 6.3.
(ii) One of the translational hypersurfaces of constant sectional curvature 𝐾 ∈ (−1, 0) of Theorems 6.5-(i) and 6.6-(i).
(iii) A horizontal hyperplane of constant sectional curvature 𝐾 = 𝜖.
(iv) A flat vertical cylinder over a horosphere.

Proof. Let us suppose that 𝛩𝑇 never vanishes on 𝛴. In this case, 𝛴 is given by a union of vertical graphs with no critical
points. Let 𝛴′ be one of these graphs. Then, since 𝛴 is symmetric, up to a reflection over a horizontal hyperplane, 𝛴′ is an
(𝑓𝑠, 𝜙)-graph over a familyℱ of parallel totally umbilical hypersurfaces ofℚ𝑛𝜖 (recall that 𝜙 is supposed to be increasing).
As we have seen in Section 6, the 𝜚 function of 𝛴′ satisfies the ODE

𝛼𝜚𝜚′ + (𝛼2 + 𝜖)𝜚2 = 0, (8.1)

where 𝛼(𝑠) is the principal curvature of 𝑓𝑠. Also, from the first equality in Equation (6.6), we have that 𝐾 > 𝜖 and that any
initial condition 𝜚0 = 𝜚(𝑠0) is determined by 𝐾 and 𝛼(𝑠0).
Since 𝛴 is connected, it is either rotational or translational. Assuming the former, we have that 𝛴′ is rotational, so

that 𝛼 = −coth𝜖 and the solution 𝜚 of Equation (8.1) is 𝜚(𝑠) = 𝐶 tan𝜖(𝑠) for some constant 𝐶 > 0. However, since 𝐶 is
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4736 de LIMA et al.

determined by 𝐾 and 𝛼(𝑠0), this solution must coincide with the one defined in Equation (6.14), that is,

𝜚(𝑠) = (𝐾 − 𝜖) tan𝜖(𝑠).

In particular, up to an ambient isometry, 𝛴′ is contained in the properly embedded CSC hypersurface of Theorem 6.3,
say 𝛴̃, that has constant sectional curvature 𝐾. (Note that 𝛴̃ is built on an (𝑓𝑠, 𝜙)-graph whose 𝜚-function is 𝜚̃(𝑠) = (𝐾 −
𝜖) tan𝜖(𝑠) = 𝜚(𝑠).) Since 𝛴′ is arbitrary and 𝛴 is connected, we have that 𝛴 ⊂ 𝛴̃.
If 𝛴 is translational, it is either parabolic or hyperbolic. In any case, we can argue as in the preceding paragraph and

conclude that 𝛴 is contained in one of the translational hypersurfaces of Theorems 6.5-(i) and 6.6-(i).
Now, suppose that 𝑇 vanishes on an open set  of 𝛴. Thus,  is contained in a (totally geodesic) horizontal hyper-

plane. The Gauss equation then gives that , and so 𝛴, has constant sectional curvature 𝐾 = 𝜖. This implies that 𝛴 = .
Otherwise, there would be a point in 𝛴 at which 𝛩𝑇 ≠ 0. But, as we have seen, 𝐾 > 𝜖 at such a point.
Analogously, assume that 𝛩 vanishes on an open set  of 𝛴. In this case, as we pointed out,  is a flat cylinder over

an open set of a horosphere of ℍ𝑛. In particular, 𝛴 is flat and parabolic. Since a parabolic (𝑓𝑠, 𝜙)-graph cannot be flat, 𝛩𝑇
must vanish on 𝛴, which implies that 𝛴 = .
Finally, let us suppose that neither 𝑇 nor𝛩 vanishes on an open set of 𝛴. Under this assumption, the set ⊂ 𝛴 onwhich

𝛩𝑇 never vanishes is open and dense in 𝛴. However, from the first part of the proof, any connected component of  is
contained in a fixed hypersurface 𝛴̃ (from one of the Theorems 6.3, 6.5-(i) or 6.6-(i)), which implies that the same is true
for 𝛴. This concludes the proof. □

Given a hypersurface 𝛴 of ℚ𝑛𝜖 × ℝ, let {𝑋1 , … , 𝑋𝑛} ⊂ 𝑇𝛴 be an orthonormal frame of its principal directions. It follows
from Gauss equation (2.3) that

Ric(𝑋𝑖 , 𝑋𝑗) =

𝑛∑
𝑘=1

⟨𝑅(𝑋𝑘, 𝑋𝑖)𝑋𝑗, 𝑋𝑘⟩ +𝐻𝛿𝑖𝑗𝑘𝑖 − 𝛿𝑖𝑗𝑘2𝑖 , (8.2)

where 𝑘1 , … , 𝑘𝑛 are the corresponding principal curvatures of 𝛴, and Ric denotes its Ricci tensor, which we define as

Ric(𝑋, 𝑌) ∶= trace(𝑍 ↦ 𝑅(𝑍, 𝑋)𝑌), 𝑋, 𝑌 ∈ 𝑇𝛴.

The following lemma, which has its own interest, gives a simple characterization of the hypersurfaces ofℚ𝑛𝜖 × ℝ having
the 𝑇-property. (Recall that a hypersurface 𝛴 ⊂ 𝑀 ×ℝ is said to have the 𝑇-property if 𝑇 is a principal direction at any of
its points.)

Lemma8.2. Given𝑛 ≥ 3, let𝛴 be a hypersurface ofℚ𝑛𝜖 × ℝwith nonvanishing𝑇-field. Then,𝛴 has the𝑇-property if and only
if its principal directions 𝑋1 ,… , 𝑋𝑛 diagonalize its Ricci tensor. Consequently, if 𝛴 is an Einstein hypersurface (in particular,
if 𝛴 has constant sectional curvature), then it has the 𝑇-property.

Proof. Choosing 𝑖, 𝑗, 𝑘 ∈ {1, … , 𝑛} with 𝑖 ≠ 𝑗 ≠ 𝑘 ≠ 𝑖, it follows from Equation (2.4) that

⟨𝑅(𝑋𝑘, 𝑋𝑖)𝑋𝑗, 𝑋𝑘) = −𝜖⟨𝑋𝑖, 𝑇⟩⟨𝑋𝑗, 𝑇⟩.
Combining this equality with Equation (8.2), we get

Ric(𝑋𝑖 , 𝑋𝑗) =

𝑛∑
𝑘=1

⟨𝑅(𝑋𝑘, 𝑋𝑖)𝑋𝑗, 𝑋𝑘) = −𝜖(𝑛 − 2)⟨𝑋𝑖 , 𝑇⟩⟨𝑋𝑗 , 𝑇⟩,
from which the result follows. □

Let us show now that, setting

𝐼𝜖 ∶=

{
(0, 1) if 𝜖 = 1

(−1, 0) if 𝜖 = −1,
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de LIMA et al. 4737

for all 𝐾 ∈ 𝐼𝜖, there exists a nonsymmetric constant sectional curvature hypersurface 𝛴𝐾 inℚ3𝜖 × ℝwhose angle function
is constant, and whose sectional curvature is 𝐾 (see also [22, Section 6]). For its construction, one has just to consider
a parallel family ℱ of embeddings 𝑓𝑠 ∶ 𝑀0 → ℚ3𝜖 , 𝑠 ∈ (−𝛿, 𝛿), such that 𝑓0 is nonumbilical and flat with the induced
metric, that is, 𝑘01(𝑝)𝑘

0
2(𝑝) = −𝜖 for all 𝑝 ∈ 𝑀0. Then, the classical formula for the principal curvatures of the parallel

hypersurfaces 𝑓𝑠 gives that all 𝑓𝑠 are, in fact, flat and nonumbilical, so that

𝑘𝑠1(𝑝)𝑘
𝑠
2(𝑝) = −𝜖 ∀𝑝 ∈ 𝑀0, 𝑠 ∈ (−𝛿, 𝛿).

Now, consider the (𝑓𝑠, 𝜙)-graph 𝛴𝐾 with constant 𝜚-function 𝜚 =
√
1 − 𝜖𝐾. Then, 𝛴𝐾 has constant angle 𝛩 =

√
1 − 𝜚2.

Besides, the principal curvatures of 𝛴𝐾 are 𝑘1 = −𝜚𝑘𝑠1, 𝑘2 = −𝜚𝑘
𝑠
2, and 𝑘3 = 0. Hence, from Gauss equation (6.1), 𝛴𝐾 has

indeed constant sectional curvature 𝐾.

Definition 8.3. We shall call such a 𝛴𝐾 ⊂ ℚ3𝜖 × ℝ a flat-foliated graph.

Our next and final result, together with Theorem 8.1, provides a full classification of the constant sectional curvature
hypersurfaces ofℚ𝑛𝜖 × ℝ (𝑛 ≥ 3).
Theorem 8.4. Let 𝛴 be a connected hypersurface ofℚ𝑛𝜖 × ℝ with constant sectional curvature 𝐾. If 𝑛 > 3, 𝛴 is symmetric. If
𝑛 = 3, 𝛴 is either symmetric or a nonsymmetric hypersurface which is locally a constant angle flat-foliated graph 𝛴𝐾 .

Proof. Proceeding as in the proof of Theorem 8.1, let us assume first that 𝛩𝑇 is nowhere vanishing on 𝛴, in which case 𝛴
is a union of vertical graphs with no critical points.
Let 𝛴′ ⊂ 𝛴 be a vertical graph. By Lemma 8.2, 𝑇 is a principal direction of 𝛴′. Hence, [26, Theorem 1] (see also [9, The-

orem 6]) applies and gives that 𝛴′ is an (𝑓𝑠, 𝜙)-graph over a familyℱ of parallel hypersurfaces ofℚ𝑛𝜖 . Thus, by combining
the identities (3.7) with Gauss equation (6.1), we conclude that the 𝜚 function of 𝛴′ satisfies

𝐾 = 𝑘𝑠
𝑖
(𝑝)𝑘𝑠

𝑗
(𝑝)𝜚2(𝑠) + 𝜖 (𝑖 ≠ 𝑗 = 1,… , 𝑛 − 1).

𝐾 = −𝑘𝑠
𝑖
(𝑝)𝜚(𝑠)𝜚′(𝑠) + 𝜖(1 − 𝜚2(𝑠)) (𝑖 = 1, … , 𝑛 − 1).

(8.3)

If 𝑛 > 3, it follows easily from the first of the equations in Equation (8.3) that 𝑘𝑠
𝑖
(𝑝) is independent of 𝑖 and 𝑝. Hence,

each 𝑓𝑠 ∈ ℱ is totally umbilical, which implies that 𝛴′ is symmetric. Therefore, 𝛴 is symmetric, since 𝛴′ ⊂ 𝛴 is arbitrary.
Suppose now that 𝑛 = 3. If 𝑓𝑠 ∈ ℱ is totally umbilical for any graph 𝛴′ ⊂ 𝛴, as above, we have that 𝛴 is symmetric. So,

assume that there is 𝛴′ ⊂ 𝛴 such that 𝑓𝑠 is nontotally umbilical, so that 𝛴′, and so 𝛴, is nonsymmetric. In this case, the
𝜚 function of 𝛴′ is constant. Otherwise, from the second equation in Equation (8.3), 𝑓𝑠 would be totally umbilical. From
this same equation, we have that 𝛴′ has constant sectional curvature 𝐾 = 𝜖(1 − 𝜚2) = 𝜖𝛩2. So, from the first equality in
Equation (8.3), we have 𝑘𝑠

𝑖
(𝑝)𝑘𝑠

𝑗
(𝑝) = −𝜖, which implies that each 𝑓𝑠 is flat, that is, 𝛴′ is a constant angle flat-foliated

graph 𝛴𝐾 .
The above reasoning shows that, in a neighborhood of a point at which 𝛩𝑇 ≠ 0, 𝛴 is either a symmetric (𝑓𝑠, 𝜙)-graph

or a flat-foliated graph. In the former case, as we know, 𝐾 > 𝜖. In the latter case, 𝐾 = 𝜖𝛩2 ≠ 𝜖. Therefore, we can argue
just as in the proof of Theorem 8.1 to show that 𝛴 is contained in a horizontal hyperplane if 𝑇 vanishes on an open set of
𝛴. Since neither parabolic (𝑓𝑠, 𝜙)-graphs nor flat-foliated graphs are flat, we can also argue as in the proof of Theorem 8.1
to show that 𝛴 is contained in a cylinder over a horosphere if 𝛩 vanishes on an open set of 𝛴.
Finally, if neither 𝑇 nor𝛩 vanishes in an open set 𝛴, the set ⊂ 𝛴 of points, where𝛩𝑇 never vanishes is open and dense

in 𝛴. Since the theorem is valid for any connected component of , it follows that it is valid for 𝛴 as well. □
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