Received: 17 January 2022

Revised: 1 September 2022

W) Check for updates

Accepted: 5 December 2022

DOI: 10.1002/mana.202200025

ORIGINAL ARTICLE

MATHEMATISCHE
NACHRICHTEN

Elliptic Weingarten hypersurfaces of Riemannian products

R. F. de Lima' | A.K.Ramos? | J.P.dos Santos®

1Departamento de Matematica, UFRN,
Natal, Rio Grande do Norte, Brazil

2Departamento de Matematica Pura e
Aplicada, UFRGS, Natal, Rio Grande do
Norte, Brazil

3Departamento de Matematica, UnB,
Natal, Rio Grande do Norte, Brazil

Correspondence

R. F. de Lima, Departamento de
Matematica, UFRN, Brazil.
Email: ronaldo.freire@ufrn.br

Present address

Universidade Federal do Rio Grande do
Norte, Centro de Ciéncias Exatas,
Departamento de Matematica. 59000-000
- Natal, RN - Brazil

Funding information

Conselho Nacional de Desenvolvimento
Cientifico e Tecnologico

1 | INTRODUCTION

Abstract

Let M" be either a simply connected space form or a rank-one symmetric space
of the noncompact type. We consider Weingarten hypersurfaces of M X R, which
are those whose principal curvatures ki, ..., k, and angle function © satisfy a
relation W(ky, ..., k,, ®%) = 0, being W a differentiable function which is sym-
metric with respect to ky, ..., k,,. When 0W /dk; > 0 on the positive cone of R",
a strictly convex Weingarten hypersurface determined by W is said to be ellip-
tic. We show that, for a certain class of Weingarten functions W, there exist
rotational strictly convex Weingarten hypersurfaces of M X R which are either
topological spheres or entire graphs over M. We establish a Jellett-Liebmann-
type theorem by showing that a compact, connected and elliptic Weingarten
hypersurface of either S” X R or H" X R is a rotational embedded sphere. Other
uniqueness results for complete elliptic Weingarten hypersurfaces of these ambi-
ent spaces are obtained. We also obtain existence results for constant scalar
curvature hypersurfaces of S” x R and H"” X R which are either rotational or
invariant by translations (parabolic or hyperbolic). We apply our methods to give
new proofs of the main results by Manfio and Tojeiro on the classification of
constant sectional curvature hypersurfaces of S X R and H" x R.

KEYWORDS
constant scalar curvature, invariant hypersurfaces, Riemannian product, Weingarten hypersur-
face

MSC (2020)
53B25 (primary), 53C42 (secondary)

Among the compact surfaces of Euclidean space R>, round spheres are known to be unique with respect to several
types of curvature constraints. For instance, they are the only compact connected embedded surfaces which have either
constant mean curvature or constant Gaussian curvature, as attested by the classical theorems of Alexandrov and Hilbert-
Liebmann, respectively. More generally, these theorems apply to elliptic Weingarten surfaces, which are those whose
principal curvature functions ky, k, satisfy a relation

W(kq,ky) =0,
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where W is a symmetric differentiable function on a domain ' C R?, which satisfies the ellipticity condition 0W /dk; >
0 on W~1(0) c T. In [17], Galvez and Mira improved these results by showing that round spheres are the only elliptic
Weingarten spheres immersed in R3, which proved affirmatively a long standing conjecture by Alexandrov.

Elliptic Weingarten surfaces (sometimes called special Weingarten surfaces) of R® and other three-spaces have been
considered in many works [5, 16, 20, 25]. More recently, Galvez and Mira [18] conducted a thorough investigation of
rotationally invariant elliptic Weingarten surfaces of homogeneous three-manifolds with isometry group of dimension
4 (which include the Riemannian products H> x R and S? x R). There, they established many deep results regarding
existence and uniqueness of certain rotational spheres in the class of elliptic Weingarten surfaces of these three-manifolds.

Inspired by the work of Galvez and Mira, in this paper we consider Weingarten hypersurfaces of Riemannian products
M" x R. They are defined here as those whose principal curvatures k; , ..., k,, and angle function O satisfy

Wk, ..., k,,0) =0,

where W is a differentiable function which is symmetric with respect to k1, ..., k,,. Such a hypersurface X is then called a
W-hypersurface of M x R. If, in addition, X is strictly convex and W satisfies the ellipticity condition 6W /dk; > 0 (for all
i =1,...,n)on the positive cone of R", we say that X is an elliptic Weingarten hypersurface.

Our work primarily concerns existence and uniqueness (in the elliptic case) of Weingarten hypersurfaces of M x R
when M is either a simply connected space form or a rank-one symmetric space of the noncompact type (i.e., one of
the hyperbolic spaces H{""). The reason for considering these particular manifolds relies on the fact that their geodesic
spheres are isoparametric, that is, have constant principal curvatures. As we shall see, this property allows us to construct
Weingarten vertical graphs in M X R whose level hypersurfaces are concentric geodesic spheres of M (we call such graphs
rotational).

Given a general Weingarten function W, we associate with it a first-order ODE which involves the principal curvature
functions of geodesic spheres of M. Then, we call W M-admissible if this equation admits a solution ¢ : [0,8) — [0,1)
satisfying certain conditions (see Definition 5.1). Then, we show that, for such an M-admissible W, there exists a rotational
complete W-hypersurface X~ of M X R which is homeomorphic to either the n-sphere S” or Euclidean space R”. In the
latter case (which does not occur if M = S§"), X is an entire graph over M, and in the former case, X is obtained from the
connected sum of a graph over a closed ball of M with its reflection over a horizontal hyperplane of M x R.

Next, we study constant scalar curvature (CSC) hypersurfaces of Q7 X R, where n > 3 and Q denotes the simply con-
nected space form Q7 of constant sectional curvature € = +1 (i.e., S” and H"). Based on the fact that such hypersurfaces
are Weingarten, we establish that, for all ¢ > en(n — 1), there exists a properly embedded strictly convex rotational hyper-
surface 2 in Q7 x R with CSC ¢, which is, in fact, of constant sectional curvature. Such a X is either a sphere (if ¢ > 0) or
an entire graph (if ¢ < 0). For ¢ > en(n — 1), we also obtain a one-parameter family of properly embedded Delaunay-type
rotational n-annuli in Q7 x R with CSC ¢, which are not of the constant sectional curvature. An analogous one-parameter
family of nonperiodic rotational n-annuli in H" X R is obtained as well.

Similar results hold for hypersurfaces of H" X R which are invariant by either parabolic or hyperbolic translations.
Specifically, we show that for any constant ¢ € [-n(n — 1),0), there exist in H" X R an entire graph over H" (of constant
sectional curvature) and a hypersurface which is symmetric with respect to a horizontal hyperplane, both of the CSC ¢
and invariant by parabolic translations. For such values of ¢, we also show that there exists a one-parameter family of
hypersurfaces of H" x R with CSC ¢ which are invariant by hyperbolic translations. All these translational hypersurfaces
are properly embedded and homeomorphic to R".

As these results indicate, hypersurfaces of the constant sectional curvature appear naturally when we are dealing with
CSC hypersurfaces. Considering this fact, we apply the methods developed here to provide new proofs for the main the-
orems by Manfio and Tojeiro [22] regarding the classification of hypersurfaces of constant sectional curvature of Q7 x R.
(On this matter, see also [2, 3], where the case n = 2 was considered.)

Regarding uniqueness of elliptic Weingarten hypersurfaces, we establish a Jellett-Liebmann-type theorem. Namely,
by means of the maximum principle, the Alexandrov reflection technique, and the methods and results in [7, 13-15, 23],
we show that, for n > 3, a compact connected strictly convex elliptic Weingarten hypersurface immersed in Q7 X R is
necessarily an embedded rotational sphere. It is also shown that, assuming such a hypersurface to be complete, instead
of compact, the same conclusion holds under the additional assumption that its height function has a critical point, and
that its least principal curvature is bounded away from zero.

The paper is organized as follows. In Section 2, we set some notation and formulae. In Section 3, we discuss graphs of
Riemannian products M X R over parallel hypersurfaces of M. In Section 4, we introduce Weingarten hypersurfaces of
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M X R, establishing a key lemma. In Section 5, we consider rotational Weingarten hypersurfaces of H" x R and Q¢ X R.
In Section 6, we deal with CSC hypersurfaces of Q7 x R which are invariant by either rotational or translational isome-
tries. In Section 7, we establish the Jellett-Liebmann-type theorem we mentioned, together with other rigidity results
for Weingarten hypersurfaces of Q7 x R. In Section 8, we consider hypersurfaces of the constant sectional curvature of
Qf x R.

2 | PRELIMINARIES

Given an orientable Riemannian manifold M", n > 2, we shall consider the Riemannian product M X R endowed with
its standard metric

()= u +de

Let X be an oriented hypersurface of M X R. Write N for its unit normal field and A for its shape operator with respect
to N, so that

AX = -VyN, X €TZ,

where V denotes the Levi-Civita connection of M x R and TX stands for the tangent bundle of 2. The principal curvatures
of X, that s, the eigenvalues of the shape operator A, will be denoted by k1 , ..., k,,. We shall say that X is convex (resp. strictly
convex) if, with respect to a suitable orientation N, k; > 0 (resp. k; > 0) everywhereon X,i = 1, ..., n.

The height function & and the angle function © of X are defined as

£ :=myls and O(x) :=(N(x),9,), x €ZX,

where 9, denotes the gradient of the projection 7, of M X R on the second factor R. We denote the gradient of £ on X by
T, which means that the equality

T =6, —ON 2.1)

holds on X. The trajectories of T on X will be called T-trajectories.

Given t € R, the set P, := M X {t} is called a horizontal hyperplane of M X R. Horizontal hyperplanes are all isometric
to M and totally geodesic in M X R. In this context, we call a transversal intersection X; := X M P; a horizontal section of
Z. Any horizontal section X, is a hypersurface of P;. So, at any point x € X; C X, the tangent space T,.X of X at x splits as
the orthogonal sum

T,.2 =T,%, & Span{T}. (2.2)

The (first factor) manifolds M we shall consider here are the simply connected space forms Q of the constant sectional
curvature € € {0, 1, —1}, that is, the Euclidean space R", the unit sphere S" (¢ = 1) and the hyperbolic space H" (¢ = —1),
as well as the rank-one symmetric spaces of noncompact type, also known as the general hyperbolic spaces H". Note that
the real hyperbolic space H7 is the standard hyperbolic space H" of constant sectional curvature —1 (see, e.g., [12]).

Let us recall that, denoting by R and R the curvature tensors of ¥ and Qf x R, respectively, for X,Y,Z, W € TX, the
Gauss equation reads as

(RX,Y)Z,W) = (RX,Y)Z, W) + (AX, W)(AY, Z) — (AX, Z)(AY, W), (23)
where R vanishes identically for € = 0 and, for € = +1, it is given by (see [6])

e(RX,Y)Z,W) = (X, WNXY,Z) — (X, ZY, W)
HX,Z)XY,0,){(W,0;) = (Y, Z)(X,0,;){W,0,) (2.4)

—(X, WXY,0,){Z,0;) + (Y, W)X, 06,)(Z,9,).
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FIGURE 1 An(f,¢)-graphin M X R.

3 | GRAPHS ON PARALLEL HYPERSURFACES
Let M(')’_1 and M" be two orientable Riemannian manifolds. Assume that
f: Mg_l - M"

is an oriented embedding with unit normal field 7, and suppose that there is an open interval I 5 0 such that, for all
p € M, the curve

Yp(s) = exp,,(f(p),sn(p)), s € I, (3.1)
is a well-defined geodesic of M without conjugate points. In this setting, for any fixed s € I, the map

fS . MO - M
p P vyp(s)
is an embedding of M, into M, which is said to be parallel to f. Observe that, given p € M,, the tangent space f (T ,M,)

of f, at p is the parallel transport of f,.(T,M,) along ¥, from 0 to s. We also remark that, with the induced metric, we will
consider the unit normal 7, of f, at p given by

15(p) = ¥(5).

Having set the notation of the parallel immersions f, we introduce now the concept of (f, ¢)-graph, which will play
a fundamental role to prove some of the main results of the paper.

Definition 3.1. Let ¢ : I — ¢(I) C R be an increasing diffeomorphism, that is, ¢’ > 0. With the above notation, we call
the set

2 ={(fs(p), $(s)) EM XR; p € My, s €I}, (32)
the graph determined by {f; s € I} and ¢, or (f, $)-graph, for short (Figure 1).
For an arbitrary point x = (f(p), $(s)) of an (f, ¢)-graph X, one has

T2 = fs* (TpMO) ® Span{0,}, 9 =7, + ¢,(S)at'
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So, a unit normal to ¥ is
/
- 1
N = ¢ US + a[ (3.3)
VI+@Y V1I+ @7
In particular, its angle function is
O = ; . (3‘4)

As shown in [9, Theorem 6], any (f, ¢)-graph X has the T-property, meaning that T is a principal direction at any point
of . More precisely, one has

"
T= <ﬁ—T .
(V1+(@)»)?
Given an (f§, ¢)-graph X, let {X; , ..., X,,;} be an orthonormal frame of principal directions of X in which X,, = T/||T||.

In this case, for 1 < i < n — 1, the fields X; are all horizontal, that is, tangent to M, and constitute principal directions of
the immersions f at corresponding points (cf. [9, Lemma 1])). Therefore, setting

(3.5)

P (3.6)

and considering Equation (3.3), we have, foralli =1, ...,n — 1, that
ki = (AX;, X;) = ~(Vx, N, X;) = (Vx5 X;) = —ek?,

where k? is the ith principal curvature of f;. Also, it follows from Equation (3.5) thatk,, = ¢’. Thus, the principal curvatures
of the (f§, ¢)-graph X at (f,(p), $(s)) € X are

ki=—¢()kj(p) 1<i<n-1) and k,=¢'(s). (3.7)
We remark that, up to a constant, the function ¢ defined in Equation (3.6) determines the function ¢. Indeed, it follows
from equality (3.6) that

N

o(u)

so V1—9%(u)

It should also be noticed that, from Equations (3.4) and (3.6), the unit normal N defined in Equation (3.3) can be written
as N = —gn, + 00;. Hence, the relation

d(s) = du + ¢(sp), So,8 €1. (3.8)

92 + @2 =1 (39)
holds everywhere on any (f, ¢)-graph 2. In particular, ¢ = ||T|| on X.
Definition 3.2. A family & := {f; : My — M ; s € I} of parallel hypersurfaces is called isoparametric if, for each s € I,
any principal curvature k; of f € F is constant (possibly depending on i and s). If so, each hypersurface f is also called

isoparametric.

It follows from Equation (3.7) that, if ¥ := {f, : My — M ; s € I} is isoparametric and X is an (f, ¢)-graph in M X R,
then all principal curvatures k; of X at any point (f,(p), ¢(s)) are functions of s alone.
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4 | ELLIPTIC WEINGARTEN HYPERSURFACES OF M X R
LetI" C R" be an open subset of R" containing the positive cone
r, :=tk=(k,..,k,) € R"; k; > 0}

A symmetric function W € C*(T') will be called a Weingarten function. If, in addition, W satisfies the condition:

‘;%(k) >0 VKeT, and i=1,..,n, 4.1)
1

then W will be called an elliptic Weingarten function.

Example 1. Two distinguished elliptic Weingarten functions are the following:

1) W(kl, s kn) = Ei1<~-~<i, kil kir , re {1, . I’l}.
i) Wk, ..., ky) = m

The function in (i) is the nonnormalized rth mean curvature H, (notice that H; = k; + --- + k,, is the mean curvature and
H, =k, ...k, is the Gauss-Kronecker curvature), whereas the function in (ii) is the norm of the second fundamental form
[|A]l. We add that these functions are both homogeneous of degree one. (Recall that, given d € R, a function f = f(k)
defined in a cone I' C R" is said to be homogeneous of degree d if f(tk) = tf(k) whenever k € I'and t > 0.)
Example 2. Given W = W(ky, ..., k,) € C*®(T,), define its inverse W* as
W*(ky, ..., k) :=1/W(Q/ky, ..., 1/kp).
It is easily checked that W is homogeneous elliptic Weingarten if and only if W* is homogeneous elliptic Weingarten.
Following [18], given an open set I' ¢ R” with ', C T, we say that
W =W(y,...,k,, 02, (ki,..,k,,0*) €Tx][0,1],
is a general Weingarten function (resp. a general elliptic Weingarten function) if, for any fixed © € [0, 1], the map
(ki,...k,) €T — W(ky,...,k,,0%) €R

is a Weingarten function (resp. an elliptic Weingarten function).

Definition 4.1. We say that a hypersurface X of a Riemannian product M X R is a Weingarten hypersurface if its principal
curvatures kq , ..., k,, together with its angle function 0, satisfy a relation of the type

wky,...,k,, 6% =0, (4.2)

where W is a general Weingarten function. More specifically, we shall say that such a ¥ is a W-hypersurface. If, in addition,
W is elliptic and ¥ is strictly convex, then X will be called an elliptic Weingarten hypersurface.

Hypersurfaces of M X R with constant mean curvature H, are canonical examples of Weingarten hypersurfaces. In the
next section, we shall see that hypersurfaces of the CSC in Q7 X R are also Weingarten hypersurfaces.

Remark 4.2. We point out that the Hopf Maximum Principle applies to elliptic Weingarten hypersurfaces (see [16] for a
detailed discussion in the case n = 2). The same is true for the continuation principle, by the results in [21, 24].

85U80| 7 SUOWIWOD BAITER.D) 3ot |dde 8Ly A peusenob ake ssppie O ‘8sn JO SN oy Akeiqi8uluO A8|1M UO (SUOIIPUCO-pUe-SWIS) W00 A8 | 1M Afe1q | BU|UO//:SdNY) SUORIPUOD pue swie | 8y} 8eS *[202/60/GT] uo ARidiTaulluo 8]\ ‘SLON Op 8pueID ORY Op [eJeped apepsieAIUN - NY-N AQ 520002202 BUeW/Z00T 0T/I0p/woo" eI Arelq 1 pul|uo//sdny wiouy pepeojumod ‘0T ‘€202 ‘9T9222ST



4718 ﬁIAAAgﬁIEIAéﬁ%IESﬁHE DE LIMA ET AL.
[NACHRICHTEN _|

The following lemma, which plays a fundamental role here, characterizes Weingarten (f, ¢)-graphs (with {f,} isopara-
metric) as those whose associated g-functions are solutions of a certain first-order ordinary differential equation. In fact,
it follows directly from the definition of Weingarten hypersurface, relations (3.7), and equality (3.9).

Lemma 4.3. Let X be an (f, $)-graph in M X R whose associated family
F ={fy :My->M;sel}

of parallel hypersurfaces is isoparametric. Then, given a Weingarten function W € C*(I'), we have that X is a W-hypersurface
of M X R if and only if its ¢-function satisfies the equality

W(=kjo(s), ..., —k5_0(s),¢'(s),1 —¢*) =0, (4.3)

where ki, ..., k, | are the principal curvatures of f; € F.
It follows from Lemma 4.3 and Picard’s theorem for the local existence of solutions of first-order ODE’s that, for any gen-
eral Weingarten function W, there exist local W-hypersurfacesin M X R, provided that M admits families of isoparametric

hypersurfaces. In this context, it is natural to ask under which conditions we can construct complete W-hypersurfaces in
M x R. We shall pursue this question in the next sections.

5 | ROTATIONAL WEINGARTEN HYPERSURFACES OF Q7 x R AND [I-[I;’ X R

Let M" be either a simply connected space form Q; or a rank-one symmetric space of noncompact type H". Take a point
0o € M andlet f; : S"! — M be the isometric immersion such that f(S"~1) is the geodesic sphere of M with center at o
and radius s > 0. In this setting, define

Fi={fs: S" > M;s€0,R}, 5.1
where R, is given by
+oc0 if M =R"or Han,
n/2 if M=S"

As is well known, F is isoparametric and each sphere f(S"!) is strictly convex (see [12], and references therein). In
accordance to the notation of Section 3, for each s € (0, + ), we choose the outward orientation of f, so that any principal
curvature k; of f is negative.

In what follows, for M and % as above, we construct complete strictly convex Weingarten hypersurfaces in M x R
from (f, $)-graphs, f; € F. Since the elements of F are concentric geodesic spheres, we shall call such a hypersurface
rotational.

The general idea for this construction is to consider Equation (4.3) as an ODE with variable ¢. From a suitable solution
to this equation, we obtain a function ¢ (using Equation (3.8)) which, by Lemma 4.3, defines a Weingarten graph '
in M x R over an open ball Bs(0) C M with § < +00. If § = +00, X’ is complete and we are done. Otherwise, 8%’ is an
(n — 1)-sphere in a horizontal hyperplane P; := M X {t}, and the tangent spaces of X’ along its boundary are all vertical
(i.e., parallel to 8,). Hence, a complete Weingarten n-sphere is obtained by “gluing” X’ with its reflection over P; along
their common boundary.

As we shall see, the effectiveness of this procedure depends on the existence of a solution ¢ to Equation (4.3) which can
be defined at the singular point s = 0. This fact leads us to introduce the concept of admissible Weingarten function, as
given below. (Note that the principal curvatures k; of the spheres f are not defined at s = 0.)

Definition 5.1. Let M and F be as above. We say that a general Weingarten function W is M-admissible (or simply
admissible) if Equation (4.3) has a solution ¢ defined in [0, §), 0 < § < R, which satisfies the conditions:
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(C1) ¢(0)=0.

(C2) 0<g<1on(0,9).

(C3) ¢’ >00n(0,6).

(C4) The limits lim_,( o(s)k; and lim,_, ¢’ (s) exist and are finite (recall that k; is the ith principal curvature of f) and,
if § < Ry, the limit limg_, 5 ¢’ (s) also exist and is finite .

We assume that 6 is maximal with respect to (C2)-(C3)and call ¢ : [0,8) — [0, 1) an associated function to W. In the case
8 < Ry, we will write (with a slight abuse of notation):

o(8) :=limg(s) and ¢'(8) :=1limg¢'(s).
s—0 s—6
(Note that, from the maximality of §, we must have ¢(8) = 1 or ¢/(§) = 0.)

Remark 5.2. From Lemma 4.3 and equalities (3.7) and (3.8), a function ¢ satisfying conditions (C2) and (C3) defines a
rotational W-graph X over the punctured open ball Bs(o) — {o} C M, whose function ¢, up to a constant, is given by

o) = [ —2 gy se8). (5.3)

V1 —92(u)

Also, the condition (C1) and the finiteness of the two first limits in (C4) (together with Equation (3.7)) imply that ¥ extends
C?-smoothly to the puncture o. Analogously, when § < +oo, the finiteness of the last limit in (C4) gives that X extends
C?-smoothly to its boundary f5(S"™1) x {$(5)}.

Now, we are in position to state and prove our first main result.

Theorem 5.3. Let M" be either a simply connected space form Q! or a rank-one symmetric space of noncompact type I]-I]?.
Given an M-admissible Weingarten function W, letg : (0,8) — [0, 1) be its associated function. Then, the following assertions
hold:

D) If 8§ <Ry, 0(8) =1 and ¢'(8) > 0, there exists an embedded strictly convex rotational W-sphere in M X R which is
symmetric with respect to a horizontal hyperplane.

ii) Ifd = +oo (sothat M is R" or H"), there exists a rotational strictly convex entire W-graph in M X [0, +c0) which is tangent
to M x {0} at a single point, and whose height function is unbounded above.

In particular, if W is elliptic, the W-hypersurfaces in (i) and (ii) are elliptic. Consequently, if (ii) occurs for such a W, there is
no compact W-hypersurface in M X R.

Proof. Assume the hypotheses in (i), and let 2’ be the rotational (f, ¢)-graph defined by the function ¢ in Equa-
tion (5.3). As we pointed out in Remark 5.2, 2’ is defined over Bs(0) C M and constitutes a W-hypersurface of M x R.
Also, by Equation (3.7), X’ is strictly convex.

Let us show that the function ¢ defining X’ is bounded in (0, §). Indeed, since ¢’(8) > 0, there exist a, 8, > 0, 0 <
§ — 8y < &, such that ¢’(s) > aVs € (6 — &,,5). Besides, 0 < ¢ < 1 and ¢(§) = 1. Hence,

/ (s)ds / (s)ds 1 ! de¢
5-00 V1 —92(s)  Jo-5, ' ()1 —02(s) ¢ Je(6-30) \/1—¢2

= %(5 — arcsin(e(8 — 50))> 1

2a
which implies that ¢ is bounded. So, we can set ¢(8) for the limit of ¢(s) as s — §.
Since ¢(8) = 1, we have from Equation (5.3) that ¢/(s) — +oo as s — &. This gives that, along 3’ = f5(S"™1) x {¢(5)},
the tangent spaces are all parallel to d,. Therefore, since X’ extends C2-smoothly to its boundary (see Remark 5.2), if we
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FIGURE 2 A W-hemispherein M X R
and its T-trajectories.

M x {p(8)}
fs(S™)
TABLE 1 Definition of cos, and sin,.
Function e=0 e=1 e=-1
cos.(s) 1 cos s cosh s
sin.(s) s sin s sinh s

denote by 2" the reflection of X’ with respect to M X {¢(6)}, we have that
X :=closure X’ U closure X"

is a strictly convex rotational W-sphere of M X R. This proves (i).

Now, let us assume that the hypotheses in (ii) hold. In this case, since § = +o0, the (f§, ¢)-graph X defined by ¢ in
Equation (5.3) is an entire rotational W-graph of M X R. Also, since ¢(0) = 0 and ¢(s) > 0 for any s > 0, X is contained in
the closed half-space M X [0, +0), being tangent to M X {0} at o.

It remains to prove that the height function of X is unbounded above. For that, we fix §, > 0 and set (5 (s) for the
infimum of the function u — ¢(u)/+/1 — ¢2(u) on [§y, 5), s > &y. It is easily seen that t5,(s) is bounded away from zero.
Therefore,

P(s) = / o) du > o) du > 15,(s)(s — &) Vs > &,
0

O RN B
V1-¢*(u) s V1—e¢2(u)

which gives that ¢ is unbounded above.
The last assertion regarding the nonexistence of compact elliptic W-hypersurfaces in the occurrence of (ii) follows from
the maximum principle (see Remark 4.2) (Figure 2). O

In what follows, for € € {0, —1, 1}, we shall consider the trigonometric functions tan, = sin, / cos, and cot, = 1/ tan,,
where cos, and sin, are defined as in Table 1.

Example 3. Given constants a, b, and ¢ with a + b # 0, and € = +1, consider the following elliptic general Weingarten
function W, : R?x[0,1] > R :

¢ —€a®?

Wk, ks, ©2) = kik, — <%

For n = 2, Gauss equation (2.4) reduces to K = H, + €02, where K is the intrinsic curvature of ¥ and H, = k;k, is its
extrinsic curvature. Hence, a W, -surface X of Q2 x R satisfies the relation

akK + bH, =c.

(Such surfaces were studied in [16].)
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Let us see that W, is Q2-admissible, provided that
ac>0, a+b>0, and c—ae>0. (5.4)

To that end, consider a family & of concentric geodesic circles in Q?, and recall that, with the outward orientation, a
geodesic circle of radius s in Q2 has curvature k(s) = — cot.(s). In this setting, the ODE (4.3) takes the form

(a + b) cot(s)e(s)¢(s) + ea(1 — ¢*(s)) = c. (5.5)

Separating variables and integrating, one easily concludes that the solution ¢ of Equation (5.5) satisfying ¢(0) = 0 is given
by

_[c—ae ;TZ‘ZIUZ
o(s) = (= (coscls)@ - 1))

In particular, ¢ is increasing and satisfies ¢(6) = 1, where

a+b

9= (c—cae>__2a'

Also, from Equation (5.5), we have that

ysy . C
o' (6) = 75D tan.(8) > 0.

In addition, a direct application of L’Hapital’s rule gives that

. c—ae\/?
lim(e(s)cote(s) = (=5 ) -
This limit, together with Equation (5.5), yields
c—ae

V(a+b)(c— ae)’

which completes the proof that W, is Q2-admissible with associated function .
Clearly, ¢ satisfies the conditions of Theorem 5.3-(i). Therefore, for all constants a, b, and c satisfying Equation (5.4),
there exists a rotational elliptic W,-sphere in Q2 x R.

: / —
limg'(s) =

1
Example 4. Given b < 0 < a and an integer n > 2, write @ := (—a/b)»-1 and set

c=a(n-1a. (5.6)
Under these conditions, the Weingarten function W € C*(R") given by
W =aH +bH, —c,

is QF-admissible. Indeed, considering Lemma 4.3 for W, M = QF, and & as in Equation (5.1), we have that the ODE (4.3)
takes the form

a((n —1)cot(s)e(s) + ¢'(s)) + b((cot.(s)e(s))"'¢'(s)) = c. (5.7
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Thus, defining

5 arctan.(1/a) if e# —-lor e=—-1and a > 1,
S if e=-1and a <1,

and considering Equation (5.6), we have that
o(s) = atan.(s), s € [0,9),

is the solution of Equation (5.7) satisfying ¢(0) = 0. Moreover, for § < +oo0, we have that ¢(s) — 1 as s — &. Itis also clear
that ¢ satisfies the conditions (C1)-(C4) of Definition 5.1, which implies that W is Q7-admissible.

Therefore, by Theorem 5.3, there exists a rotational strictly convex W-hypersurface X in Qf X R which is a sphere, if
d < +o0, 0or an entire graph, if § = +o00. We remark that the principal curvatures ky, ..., k,,_; of ¥ are all constant and equal
to a. For € = 0,% is the totally geodesic sphere of radius 1/c.

Let M be either H{" of S". It was proved in [8] that, for all ¢ > 0, the elliptic Weingarten function W. = H, — ¢ is M-
admissible. Moreover, for M = I]-I]?‘, there is a constant C(F) > 0 such that the associated function ¢, to W, satisfies the
conditions of Theorem 5.3-(i) (resp. Theorem 5.3-(ii)) if ¢ > C(F) (resp. ¢ < C(F)). In our next result, we show that this
situation is somewhat typical.

Theorem 5.4. Let M be as in Theorem 5.3. Given ¢ > 0, let W, be the Weingarten function defined by W, = f — c, where
f = f(kq, ..., k) is a symmetric homogeneous function defined on an open cone T’ D T', in R". Suppose that, for some cy > 0,
W, is M-admissible with associated function ¢, : [0,8,) — [0, 1). Then, one has:

i) If 8y < Ry, there is a constant ¢, > ¢y with the following property: for all ¢ > ¢;, W, is M-admissible and there exists an
embedded W .-sphere in M X R as in the statement of Theorem 5.3-(i).

ii) If 89 = +oo, for all positive ¢ < ¢y, W, is M-admissible and there exists an entire rotational W .-graph in M X [0, +0) as
in the statement of Theorem 5.3-(ii).

Proof. First, we present a general construction that will be used along the proof. From the hypothesis, we have that the
function ¢, : [0, 8,) — [0, 1) satisfies

f(=kieg, ... k> _,00,0,) = ¢o. (5.8)

Given ¢ > 0, multiplying both sides of Equation (5.8) by c¢/cy, and denoting by d the degree of homogeneity of the
Weingarten function f, one gets

f(—(c/co)l/dkié"o, ey —(C/Co)l/dki_leo, (C/Co)l/dG(’)) =c,

which implies that the function g, : [0,3,) — [0, 1) defined by

N
0= (2) ww 69)
0
satisfies WC(—k§§C(s),...,—kﬁ_l§c(s),§i(s)) = 0. In particular, we may possibly extend ¢, past &, or restrict ¢, to a

subinterval to obtain a solution ¢, : [0,6.) — [0,1) to
f(=kjgc(s), ..., =k, _ 0.(s), ol(s) =c, (5.10)

where &, is maximal with respect to conditions (C2) and (C3) of Definition 5.1. Concerning the M-admissibility of W, it is
straightforward to see that g satisfies (C1) and the first two conditions of (C4), hence W, will be M-admissible, if 5. = oo
or if, when . < oo, limy_, 5. ol(s) exists and is finite.
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Having defined the family {¢.}.-o, We next prove (i), so we assume that §, < R,,. In this case, set

Co

(@@ =

Cc =

For a given ¢ > ¢, let ¢. be defined as above. We claim that 6. < §,. In fact, if 5. > &, then the fact that ¢.[[os,) =

e\ 1/d
(— ) 9o, implies that

Co

1/d

c l/d c
0.(8¢) = (a) 00(6p) > (é) 00(8p) =1,

contradicting the maximality of 8. with respect to condition (C2) of Definition 5.1. In particular, 96(56) > 0 and we have
that

c 1/d
Jim ¢, (s) = <%> 90(6c) > 0.

This proves that W, is M-admissible and that ¢.(8.) = 1. In particular, Theorem 5.3-(i) applies to W, and this proves (i).
Let us assume now that 8, = +oo to prove (ii). Then, for all positive ¢ < ¢, one has

1/d
oc(s) = <é> 90(8) < @o(s) <1 Vs € [0, +00),

which clearly implies that ¢, : [0,+00) — [0, 1) is well defined and satisfies the conditions (C1)-(C4) of Definition 5.1,
showing that W, is M-admissible. Therefore, Theorem 5.3-(ii) applies. This shows (ii) and finishes our proof. O

Remark 5.5. Theorem 5.4 can be improved under the additional assumption that W is uniformly elliptic, in the sense that

there exists a constant a > 0 such that af > a in T'*. In this case, W, is M-admissible for any ¢ > 0. To see this, we make

use of the construction of ¢, : [0,5,.) — [0 1) as above. As already explained, to prove that W, is M-admissible it suffices
to show that, if §. < oo, limy_, 5, ¢/(s) exists and is finite.

First, note that if §, < &, then lim,_s, ¢/(s) = (c/co)l/ 4o 0(6c) < o0, so we may assume that . > 6. In this case, set
A= k9.8, im=1,2,..,n—1

8
Then, the assumption that a_f > a > 0 implies that lim,_, o, f(14, ..., 4,_1,X) = o0, hence Equation (5.10) implies that

the function ¢/(s) is uniformly bounded.
Next, we prove that the limit limg_, 5_ ol(s) exists. Let (8,,) men and (£,,,)men be two sequences in (0, 8,.) with s,,;, t,,, /' 8.
and such that

Wllim ol(s,) = a; € [0, ), nlim oL(tm) = ay € [0, ).
Then, Equation (5.10) implies that
fQ, s A1) =c¢ = f(Ag, e s Ane1, 00),

from where we obtain that a; = «a,, since a_f >a > 0. Thus, limg_s ¢ '(s) exists and is finite, proving that W, is

Xn
M-admissible.
Example 5. Given constants a,b > 0,let f : R” — R be the symmetric homogeneous function of degree 2 defined by

f =allA|> + bH,.
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For any given ¢ > 0, W, = f — c is clearly an elliptic Weingarten function. Considering Lemma 4.3 for M = QZ, W =
W,.,and F as in (5.1), the ODE (4.3) takes the form:

a(e'())* + (n — Db cote(s)e(s)¢’(s) + (et cote(s)g*(s) — ¢) = 0, (5.11)

wherea :=(n —1)a + b(";l).
Note that, for any a > 0, we can choose b > 0 in such a way that

(n —1)?b? — 4aa = 0. (5.12)
Indeed, this equality is equivalent to the quadratic equation for b:
(n —1)b?—2(n —2)ab — 4a® =0, (5.13)

which is easily seem to have a positive root.
Assuming Equation (5.12), we can solve Equation (5.11) for ¢’, obtaining

—-1b yac
o'(s) = _n=Lb cot.(s)e(s) + — - (5.14)
2a a
Setting 5 : = (n;;)b and R := Rqp, as in Equation (5.2), the standard method of resolution of linear ODE’s gives that
s . B
\/ac [, sinZ (u)du
os) = Jo sine . s€(O,RY),

a sinf(s)
is a (positive) solution to Equation (5.14). A direct computation yields

Jac

lii’% ¢(s)=0 and ii_r)%(cote(s)g(s)) = m . (5.15)
Also, from Equation (5.14) and the second equality in Equation (5.15), we have
limg'(s) = —Y >0 (5.16)
0¥ T a7 ‘

Hence, ¢’(s) > 0 for s > 0 sufficiently small. In fact, one has ¢’ > 0 in (0, R.). Otherwise, there would exist s, > 0 such
that ¢’(sp) = 0 and ¢’(s) > 0 for all s € (0, sp). Then, Equation (5.14) would give

Be(so)

sinZ (so)

9”(SO) = > Os

that is, s, would be a local minimum for g, contradicting that ¢’ > 0in s € (0, sp).
Again by a direct computation, we have

+00 if e=0,
. \ac .
=1 if e=-1,
Jig o=

Vacl(g) if e=1,
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m/

where I(§) := /0 g sin” (s)ds < 1. Thus, we can define 6. := ¢7'(1) < R, in any of the following occurrences:

*c ec=0.
. e=—1and%>1.

* ¢=1and y/acI(B) > 1.

In any of these cases, it follows from Equation (5.14) that
lim ¢’(s) < +oo.
s—0,

Finally, we set 6, = +o0 ife = —1 and Yac <1

It follows from the above considerations that, for any a > 0 and any b > 0 satisfying Equation (5.13), W, = f —c is
Qf-admissible for all ¢ > 0. (However, fore =1, 8. = n/2 = R, if \/E I(B) < 1.) Furthermore, Theorem 5.3-(i) applies
in the case §,. < R., and Theorem 5.3-(ii) applies in the case € = —1 and §, = +oc0. (Notice that, for ¢ = 0, the W_-sphere
obtained from Theorem 5.3-(i) is totally umbilical and has radius R = a(1 + 8)/ \/E.)

6 | SYMMETRIC HYPERSURFACES OF CONSTANT SCALAR CURVATURE IN Q7 X R

In this section, we consider hypersurfaces of CSC of Q7 X R, € # 0, which are symmetric, meaning that they are invariant
by elliptic, parabolic or hyperbolic isometries. Any such isometry is determined by a parallel family & of totally umbilical
hypersurfaces of Q7, that is, geodesic spheres (elliptic), horospheres (parabolic) or equidistant hypersurfaces (hyperbolic).
In particular, hypersurfaces invariant by elliptic isometries are the rotational ones.

Remark 6.1. Regarding the notation Q7, we will assume from now on that € # 0, that is, Q! will refer only to H"” or S".

Let us start by showing that CSC hypersurfaces in Qf X R are Weingarten hypersurfaces. Indeed, assuming n > 3,
consider a hypersurface ¥ of Q7 X R and set K(X,Y) for its sectional curvature determined by X,Y € TX. Given an
orthonormal frame {X , ..., X,,} of principal directions in T, it follows from Gauss equation (2.3) that:

K(X;, X)) = kik; + (L= ||T;;|1%), i #j €{l,....,n}, (6.1)

where k; is the principal curvature in the direction X;, and T;; is the orthogonal projection of T on the plane of TX
determined by X; and X;.
In this setting, we have that the (nonnormalized) scalar curvature S of X is:

S =Y KX;.X)).
i)

Considering the equality T = J; — ©ON and noticing that

DT = 2(n = DIT|? = 2(n — 1)(1 - 62),
i#j

we have from Equation (6.1) that
S =2H, +¢e(n—-1)260%+n-2). (6.2)
Therefore, given ¢ € R, defining W, : R" X [0,1] - R by
Welky ..., k,, 0% = 2H,(ky , ..., k,) + e(n — 1)(20*> + n —2) —c, (6.3)

we have that W, is elliptic Weingarten, and also that a W -hypersurface of Q7 x R has CSC S = c.
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Now, choose a family
Fi={fs : My-> Ql;sel}

of parallel totally umbilical hypersurfaces of Q7, and write a(s) for the principal curvature of f; € F. In this setting, the
equalities (3.7) take the form:

ki=—-ag (i=1,..,n—1) and k,=¢,
which gives

2H,(ky, ..., k,) = =2(n — Dagg’ + (n — 1)(n — 2)¢%a.

Since % = 1 — 2, we have that the equality W (k1, ..., k,) = 0 for ky, .., k,, as above (that is, the ODE (4.3) for W = W)
is equivalent to

(n — 1)(—2ag¢’ + ((n — 2)a® — 2¢)¢* + ne) = c. (6.4)
Setting T : = ¢?, Equation (6.4) becomes
(n—=1(—at’ + ((n —2)a? = 2e)t + ne) =c. (6.5)

Equation (6.1) also gives that the sectional curvatures K(X;,X;) of an (f, $)-graph X as in Lemma 4.3 are given by
(recall that T is a principal direction of X):

KX, Xp)=a’’+e¢ (i#j=1,..,n—1).

(6.6)
K(X;,X,)=—age' +e(1—9¢%) (i=1,..,n—1).
In particular, ¥ has constant sectional curvature if and only if ¢ satisfies
age’ + (a? +€)g? = 0. 6.7)

Remark 6.2. Throughout this section, W, will always denote the Weingarten function defined in Equation (6.3). We stress
that ¥ C QF x R has the CSC c if and only if ¥ is a W -hypersurface.
6.1 | Rotational constant scalar curvature hypersurfaces of Q7 X R

Setting R := Rqn, as in Equation (5.2), we have that any principal curvature of a geodesic sphere of Q7 of radius s €
(0,R.) is a(s) = —cot, s. In this case, Equation (6.5) takes the form

7 (s) = a(s)t(s) + b(s), s € (0,R,), (6.8)
where the functions a and b are given by

a = —(n — 2) cot, +2¢ tan, and b= (ﬁ - en) tan, . (6.9)

The general solution to Equation (6.8) is as follows. For fixed s, € (0, +o0) and 7y € R,

1 N
T(s) = @(TO + /So b(u)u(u)du), (6.10)
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where u(s) = exp <— /s Z a(u)du> and s € (0, +0). A direct computation gives

sin, (s) — sin;. (so) N sin? % (s) cos2(s,)
T

() =¢C 0 ; (6.11)
" sin? "%(s) cos(s) sin” %(s) cos(s)
where €, is the constant defined as
c—en(n—1)
¢, =—. 6.12
n ni—1) (6.12)
Note that there exists a solution T which is defined at the singular point s, = 0 and satisfies 7(0) = 0. Namely,

7(s) = 6, tan(s). (6.13)

In this case, since 7 is required to be a nonnegative function, we must have €, > 0, thatisc > en(n —1). If c = en(n —
1), the function 1, and so ¢, vanishes identically, and the corresponding (f, $)-graph is nothing but a totally geodesic
horizontal hyperplane of Q7 x R. So, we shall assume €,, > 0.

Ifc > 0 and € = —1, we have that €,, > 1, so that arctan.(1/ \/(S_n) is well defined for these values of ¢ and € (as well as
forc > 0and € = 1). On the other hand, €,, < 1ifc < 0and e = —1. These facts and equality (6.13) imply that, in any case,
W, is Q7 -admissible and its associated function ¢ is

o(s) = V6, tan.(s), s € [0,6), (6.14)

where § > 0 is given by

5= {arctane(l/\/(in) if ¢>0

+00 if c¢<o.
(Note that the condition (C4) in Definition 5.1 is easily checked.) In particular, ¢ fulfills the conditions of Theorem 5.3,
where case (i) occursif ¢ > 0, and case (ii) occurs if ¢ < 0. Finally, a direct computation gives that ¢ satisfies Equation (6.7).
Summarizing, we have the following result.
Theorem 6.3. Given n > 3, for all ¢ > en(n — 1), there exists a properly embedded strictly convex (and so elliptic) rotational
W .-hypersurface X in QfF X R which is necessarily of constant sectional curvature K = c¢/(n(n — 1)) > €. Furthermore, if

¢ > 0, X is a sphere as in Theorem 5.3-(i), and if ¢ < 0, X is an entire graph as in Theorem 5.3-(ii).

Let us consider Equation (6.8) again and look for solutions satisfying t(1) = 1 and 7/(1) < 0 for suitable values of s, = A.
In this case, we must have a(1) + b(1) < 0, which yields the inequality

(G, + 2¢)tanZ(1) < (n —2). (6.15)
Assume ¢ > en(n — 1) and define §.(c) € (0, o] as
5.(c) = sup{A > 0 | (n€,, + 2¢) tan?(1) < (n — 2)}.
Then, we have:
Theorem 6.4. Given c > en(n — 1), there exists a one-parameter family

§ ={Z@); 1€ (0,8.(c)}
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FIGURE 3 The two types of rotational
W.-annuli of Q] X R, where the one on the
right occurs only for e = —1.

S5(0) x {&(N)}

Sx(0) x {0}

of properly embedded rotational W .-hypersurfaces in Q" x R which are all homeomorphic to the n-annulus S"~! x R. In
addition, the following assertions hold:

i) Ifeithere = —1and €, > 1, ore = 1, each (1) € § is Delaunay-type, that is, it is periodic in the vertical direction, and
has unduloids as its T-trajectories.

ii) If e = —1 and G, <1, each hypersurface Z(1) € § is symmetric with respect to Qf X {0} and has unbounded height
function.

Proof. Given sy = A € (0, 8.(¢)), let T be the solution of Equation (6.8) satisfying (1) = 1. Then, from the definition of 5. (c),
and equalities (6.8) and (6.9), it follows that t/(1) < 0, so that T is decreasing near 1. Since we are assuming ¢ > en(n — 1),

we have that €, is positive, and so is b = n€,, tan.. This, together with Equation (6.10), implies that 7 is positive on (1, R,).
Also, from Equation (6.13), one has

. ¢, if e=-1
lim t(s) = ] (6.16)
$=Re +o0 if e=1.

Therefore, if¢ = 1 orife = —1 and G,, > 1, there exists 1 > A such that

0<tlpn<1 and () =1D)=1

Let us see that T/(1) # 0. Assuming otherwise, we have a(1) = —b(1), so that (nG,, + 2¢) tan?(1) = n — 2. In particular,
nC, + 2e > 0. However,

e n—2 nG,+2
(D) =D+ b (= A2 T
sinf(1)  cosz(4)

which implies that A is a local minimum of 7. This is a contradiction, since 4 is a maximum for 7 in (4, 1]. Thus, t/(1) > 0.

It follows from the above considerations that, setting t; := 17| 1), we can proceed as in the proof of Theorem 5.3 and
conclude that the (f;, $)-graph 2’(4) with ¢-function ¢ = 4/7; is a bounded W -hypersurface of Q7 x R. Moreover, '(1)
is homeomorphic to S"~! x (4, 1) and has boundary

92'(2) = (S2(0) X {0}) U (S1(0) X {p(D),

where Si(0) denotes the sphere of Q7 with radius s and center at o (Figure 3a).

Since ¢(1) = ¢(1) = 1, the tangent spaces of X’(1) are vertical along its boundary 8X’(1). Moreover, X’(1) extends C2-
smoothly to d%’(1), for t/(1) and 7/(1) (and so ¢’(1) and ¢’(1)) are both finite. Therefore, we obtain a properly embedded
rotational W -hypersurface (1) from X’(1) by continuously reflecting it with respect to the horizontal hyperplanes Q7 x
{k¢(A)}, k € Z. This proves (i).

To prove (ii), let us suppose that € = —1 and €, < 1. In this case, Equation (6.16) yields

0< Tl(/l,+oo) <1,
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so that the (f, ¢)-graph X'(1) determined by ¢ = /T|(; +c0) is @ W,-hypersurface of H” x R with boundary 85’(1) =
S;(0) x {0} (Figure 3b). By reflecting X’(1) with respect to Q" x {0}, as we did before, we obtain the embedded
W .-hypersurface X(1) as stated.

It remains to show that the height function of X(4) is unbounded. For that, we have just to observe that the infimum
of T in [A, +o0) is positive, since 7 itself is positive in this interval, and its limit as s - +oo is €,,. So, the same is true for
o= \ﬁ Therefore,

$(s) = / 6 qu> [ ow)du > inf oljpye(s — ),
A

VI—oXw) A

from which we conclude that ¢ is unbounded. This finishes the proof of (ii). O

6.2 | Translational constant scalar curvature hypersurfaces of H" X R

Now, we consider hypersurfaces of constant negative scalar curvature in H" X R which are invariant by either parabolic
or hyperbolic translations. Recall that, in hyperbolic space H", parabolic translations are isometries which fix parallel
families of horospheres, whereas hyperbolic translations are those which fix parallel families of equidistant hypersurfaces
to a totally geodesic hyperplane of H". In the upper half-space model of H", horizontal Euclidean translations along fixed
horizontal directions are parabolic, and Euclidean homotheties from the origin are hyperbolic. It is easily seen that any of
these isometries extend to an isometry of H" x R which fixes the factor R pointwise.

Starting with the parabolic case, let us first consider (f, ¢)-graphs such that

F ={fs : R"1 5> H"; s € (—00, +00)}

is a parallel family of horospheres of H". Since the principal curvatures of any horosphere # : = f (R"™1!) are all equal
to 1, Equation (6.5) becomes

-1
(s) = nt(s) — L_”l) . (6.17)
Consider a constant ¢ € [—n(n — 1),0) and write
c+nn—1)
be=——7— (6.18)

so that 0 < —b./n < 1. In this setting, the constant function
b,
TC(S) = _7 , SE (—00, +00),

is a trivial solution of Equation (6.17) satisfying 0 < 1. < 1. The function ¢, = \/?C is also constant, and so it is a solution
of Equation (6.7) (for « = 1 and € = —1). Hence, defining

?.(5) =/ Q) du = —=¢ s, S € (—00,+x),

1— oz (u) \1-¢:

we have from Lemma 4.3 that the (f,, ¢.)-graph X;(c) is entire and has the constant sectional curvature K = ¢ — 1 =
—0. In particular, X;(c) has constant angle function, and CSC ¢ = —n(n — 1)0. Also, from identities (3.7), all principal
curvatures of X (c) are nonpositive, so that X;(c) is convex (but not strictly convex, since k,, = ¢/, = 0).

We add that, for ¢, = 0,%;(c) is a horizontal hyperplane of Q7 X R of CSC ¢ = —n(n — 1). Moreover, 1. = —b./n — 1 as
¢ — 0, which implies that the angle function of ¥;(c) goes to 0 as ¢ — 0. Consequently, asc — 0, X;(c) converges uniformly
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(on compact sets) to the cylinder %, X R over the horosphere %, = f,(R"~!) c H". (Note that, for all ¢ € [-n(n — 1),0),
Zy(©)n(H" x{0}) = #,.)
A direct computation also gives that the nonconstant function

b b
7.(s) = <1 + ﬁ)e”s - 7‘3 , S€(—00,0], (6.19)

with b, as in Equation (6.18), is the solution of Equation (6.17) which satisfies:
0<1.(8) £1=1,(0) Vs € (—0,0].

Moreover, since 7/(0) > 0, as in the proof of Theorem 5.3, we have that

bu(s) = / _ W se(—wiol,
o (u)

is well defined.
Assume ¢ > —n(n — 1). Considering equality (6.19), one has

= \/;2 \/—=b./n>0.

Thus, for all s € (—0,0),

0 0
(w)
4= [ 2 —du> [ gutwdu > vbe/n(-s)
s gf(u) s
which implies that ¢, is unbounded below. On the other hand, if ¢ = —n(n — 1), then b, = 0, which yields g (s) = ¢"%/2.
Hence, in this case,

nu/Z 1 d
—¢p.(s) = =2 _ %% _ %<— — arcsin(e™/ 2))
N

4 /1 — enu ens/2 [

which gives that ¢.(s) > —7/nVs € (—o0, 0], and that ¢.(s) > —7/nass - —co.

Therefore, the (f;, ¢.)-graph Z)(c) is a W -hypersurface of H"” x R with boundary %, x {0}. Also, the height function
of Z;(c) is unbounded below if ¢ > —n(n — 1) and, if c = —n(n — 1),2&(0) is contained in the slab H" x (—7z /2, 0], being
asymptotic to the horizontal hyperplane P_, /, := H" X {—7/2}. Note that Eg(c) is nowhere convex, for its principal cur-
vatures are all negative, except for k,, = ¢’ > 0. In addition, the tangent spaces of Zé(c) along its boundary are all vertical,
for ¢.(s) - +o0 as s — 0, and X/ (c) extends C2-smoothly to 8Z/(c), for ¢(0) > 0.

We conclude from the above considerations that the hypersurface X,(c) obtained by the union of the closure of Z;(c)
with its reflection with respect to the hyperplane P, := H" X {0} is a properly embedded hypersurface of H" X R which is
invariant by parabolic translations, since the vertical projections of its horizontal sections over H" x {0} are horospheres
all centered at the same point at infinity (Figure 4).

Finally, we observe that, since b./n — —1 as ¢ — 0, given ¢, > 0, there exists ¢, > 0 such that

b,

€
’ < ?O Ve € (0, ¢p).
Hence, from Equation (6.19), one has

b b
[t.(s) — 1] < 76 +1[e"™ + 70 + 1‘ <€y Vs € (—0,0), Ve € (0,cp),
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FIGURE 4 Half of the constant scalar curvature
(CSC) Weingarten hypersurfaces of Theorem 6.5(ii),
where the one on the left is supposed to be
unbounded below. (Note we are considering the
Poincara ball model of H".)

which implies that, as ¢ — 0,7, converges uniformly to the constant function T = 1 on (—o0, 0]. Since 62;(0) =H,Vc e
[-n(n — 1), 0), likewise the hypersurfaces X (c) above, X,(c) converges uniformly (on compact sets) to the cylinder #, X R
over the horosphere #, = f,(R"*1) c H" asc — 0. Note that T = 9, is a principal direction of #, x R whose correspond-
ing principal curvature vanishes identically. Besides, its other principal curvatures are all equal to 1, and the corresponding
principal directions are all tangent to #,. Thus, by Gauss equation (6.1), #, X R is flat, that is, has vanishing sectional
curvature everywhere.

Therefore, we have the following result.

Theorem 6.5. Given n > 3 and ¢ € [-n(n — 1),0), there are two properly embedded W .-hypersurfaces X;(c) and X,(c)
in H" X R which are homeomorphic to R" and invariant by parabolic translations. In addition, they have the following
properties:

i) 2(c) is a convex (nowhere strictly convex) entire graph over H" with constant sectional curvature K = c/(n(n — 1)) €
[—1,0) and constant angle function. For ¢ = —n(n — 1),%;(c) is a totally geodesic horizontal hyperplane of H" X R of
constant sectional curvature K = —1.

ii) X,(c) is nowhere convex and symmetric with respect to H" X {0}. If ¢ > —n(n — 1), the height function of X,(c) is
unbounded, and if c = —n(n — 1), 2,(c) is contained in the slab H" x (—7 /n, 7 /n), being asymptotic to the horizontal
hyperplanes P_, ;, and Py .

Furthermore, as c — 0, both X,(c) and X, (c) converge uniformly (on compact sets) to a flat cylinder ¥, X R over a horosphere
#H o of H™.

Now, we proceed to construct properly embedded W -hypersurfaces in H” X R which are invariant by hyperbolic trans-
lations. On that account, consider an isometric immersion f, : R"™! — H" such that f,(R"!) is a totally geodesic
hyperplane of H" and let

F ={fs : R"1 5> H"; s € (—00, +o0)}

be the parallel family of equidistant hypersurfaces to f, in H". Each f is totally umbilical with principal curvatures
a(s) = — tanh(s). Hence, in this setting, and for s > 0, Equation (6.5) takes the form

v (s) = a(s)t(s) + b(s), s € (0,+o0), (6.20)
where the functions a and b are given by
a(s) = —2coth(s) — (n — 2)tanh(s) and b(s) = nC,, coth(s), (6.21)
being €, the constant defined in Equation (6.12) for € = —1, that is,

_c+n(n—1)'
Cn = nn—1)
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As for the construction of the hypersurfaces in Theorem 6.4, we look at solutions t of (6.20) satisfying t(1) = 1 and
(1) = a(4) + b(1) < 0 for suitable values of s, = A. This last inequality is equivalent to

(nG, — 2)coth*(A) < n — 2, (6.22)

which is valid for all 1 > 0 if n€,, < 2. Otherwise, assuming —n(n — 1) < ¢ < 0, we have that (n — 2)/(nC,, — 2) > 1.
Therefore, setting

Ao = Ag(c) = arctanh/C,,,
and defining the interval I, as

[ (0,400) if nC,<2
) [, 400) if nG,>2,

we have that the inequality (6.22) holds for any 4 € I, so that t/(1) < 0 if t(1) = 1.
With this notation, we have the following result.

Theorem 6.6. For any ¢ € [—n(n — 1), 0), there exists a one-parameter family
§ ={ZW); 1€}

of properly embedded nowhere convex W -hypersurfaces in H" X R which are homeomorphic to R" and invariant by
hyperbolic translations. Each X(1) € § is symmetric with respect to H" x {0} and has the following additional properties:

i) If c > —n(n — 1), the height function of X is unbounded above and below, and X(1,) has constant sectional curvature
K= n(nc_l) € (-1,0).

ii) If c= —n(n—1), 2 is contained in a slab H" X (—ox/n,om/n), o € (0,1], and is asymptotic to both horizontal
hyperplanes P_. ./, and Py /.

Proof. Given A € I, we have from Equation (6.10) that the solution t; of Equation (6.20) satisfying t;(1) = 1 is given by

cosh”(s) — cosh” (1) N cosh" (1) sinh*(1)

T(s)=C — — ,
" cosh™2(s)sinh’(s)  cosh” 2(s) sinh(s)

s €[4, +). (6.23)

By the definition of I, T, is decreasing near 4. Also, from Equation (6.23), T, is positive in [4, +c0). Let us see that 1,
has no critical points in this interval. Assuming otherwise, let s; > A be such that r/’l(sl) = 0. Then, from Equation (6.20),
we have 1,(s;) = —b(s;)/a(s,), which gives

2 coth
27;(81) — n€, = n(Sn< coth(s,) 1) <0.

2 coth(s;) + (n — 2) coth(s;) -

Therefore
’ 2 —n€ -
T,,{(Sl) = a'(s))ra(s) +b'(s1) = T/1(S1)2 . 22
sinh”(s) cosh”(s)

<0,

which implies that any critical point of T; in [4, +00) is a maximum. However, since T, is decreasing near A, a local max-
imum point of t; should be preceded by a minimum point. Thus, t; has no critical points, so that it is decreasing in
[4, +0).

Therefore, the function ¢; = \/a is well defined in [4, +o0) and satisfies:

0<g(s)<1=93(2) and ¢7(s) <0 Vs €[, +o).

85U80| 7 SUOWIWOD BAITER.D) 3ot |dde 8Ly A peusenob ake ssppie O ‘8sn JO SN oy Akeiqi8uluO A8|1M UO (SUOIIPUCO-pUe-SWIS) W00 A8 | 1M Afe1q | BU|UO//:SdNY) SUORIPUOD pue swie | 8y} 8eS *[202/60/GT] uo ARidiTaulluo 8]\ ‘SLON Op 8pueID ORY Op [eJeped apepsieAIUN - NY-N AQ 520002202 BUeW/Z00T 0T/I0p/woo" eI Arelq 1 pul|uo//sdny wiouy pepeojumod ‘0T ‘€202 ‘9T9222ST



DE LIMA ET AL. %Kgg%héﬁ'%lgﬁHE 4733

FIGURE 5 A piece of the
W .-hypersurface of Theorem 6.6 (case (i) on h
the left, case (ii) on the right).

Hence, the associated ¢-function

¢.(s) = / gl se [ +oo).
Ay /1-ei(w)

is well defined and satisfies ¢:1(s) — +oo as s — A. This, as before, gives that the corresponding (f, ¢)-graph X’(1) is a
W .-hypersurface of H" x R with boundary f;(R"~1) x {0}. So, proceeding as in the previous proofs, we obtain a properly
embedded W,-hypersurface (1) in H" x R by reflecting ’(1) with respect to the horizontal hyperplane H" x {0}.

To prove the assertions (i) and (ii), let us first observe that Equation (6.23) yields

SliI_El 0.(8) = V€, - (6.24)

Hence, if €, > 0

$a(s) = / Qﬂ)cwafmww>¢_ww)
) A

(u

which implies that ¢, is unbounded. Besides, setting ¢ = Kn(n — 1), we have 4, = arctanh+/1 + K. In this case, it is easily
checked that

01,(8) = (1 + K) coth(s), s € [4g, +0).
However, ¢, is also a solution of Equation (6.7) (for a(s) = tanh(s)), which implies that X(4,) has constant sectional
curvature K. This proves (i).

If €,, = 0, we have that ‘c/’1 = at,, which implies that 29;1 = ag,. Thus, observing that sup(—1/a) = 1/n, we have

O

2
mu)‘é P il A@) o

which implies that ¢,(s) < 7 /n. In particular, there exists o € (0, 1] such that

z <_ - arcs1n(9,1(S))>

T
sup¢; = o,

which shows (ii) and concludes the proof (Figure 5). O

7 | UNIQUENESS OF ROTATIONAL ELLIPTIC WEINGARTEN SPHERES

As we have pointed out in Remark 4.2, the maximum principle applies to elliptic Weingarten hypersurfaces of M x R.
This fact, together with the main results in [7] (see also [15, 23]), allows us to apply the Alexandrov reflection method
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to provide uniqueness results for the rotational elliptic Weingarten spheres of Q7 X R (¢ # 0,n > 3) we constructed in
Section 5. Similar results were obtained in [8] for hypersurfaces of constant higher order mean curvatures.

Definition 7.1. Let P, be a totally geodesic hypersurface of either hyperbolic space H" or an open hemisphere S} of S".
We call the hypersurface P : = Py X R a vertical hyperplane of Q7 x R.

Regarding the spherical part of the above definition, we remark that the Alexandrov method is not effective for vertical
hyperplanes over the whole sphere. However, it works well for vertical hyperplanes over open hemispheres (cf. [1], p. 144).

Theorem 7.2 (Jellett-Liebmann-type theorem). For n > 3, let X be a compact connected elliptic Weingarten hypersurface of
Q! X R. Then, X is an embedded rotational sphere.

Proof. Since X is strictly convex and compact, [7, Theorems 1 and 2] apply and give that X is embedded and homeomorphic
to S". In this way, we can perform Alexandrov reflections on X with respect to horizontal hyperplanes P, := QF x {t}
coming down from above X. Then, a standard argument using the maximum principle shows that ¥ is symmetric with
respect to some horizontal plane P, .

For € = —1, we can proceed as above by performing Alexandrov reflections on ¥ with respect to vertical hyperplanes of
H" X R to conclude that it has vertical symmetries in all directions. Therefore, X is rotational.

For € = 1, assuming ¢, = 0 and identifying S" x {0} with S", we have that ¥, := ¥ N S" is the boundary of 7(X) in §"
and that ¥ \ X, has two connected components, each of which being a graph over int(7(2)). By [7, Lemma 1], the second
fundamental form of ¥, as a hypersurface of S”, is positive definite. In particular, X, is not totally geodesic in S". Thus,
by [11, Theorem 1], % is contained in an open hemisphere S’} of S”, which implies that the same is true for 7(2). Indeed,
the other option would be S" \ 7(X) C S", in which case ¥ would have at least one concave point, a contradiction with
the assumption it is strictly convex. Hence, ¥ C S} X R, and again we may apply Alexandrov reflections on the vertical
hyperplanes in S} X R to deduce that X is rotational. |

Let us see now that the compactness hypothesis in Theorem 7.2 can be replaced by completeness if we add conditions
on the height function & of ¥ and on its second fundamental form. This is accomplished by means of the following general
height estimate, obtained in [8].

Lemma 7.3 [8, Proposition 3]. Consider an arbitrary Riemannian manifold M, and let ¥ C M X R be a compact vertical
graph of a nonnegative function defined on a domain Q C M X {0}. Assume X strictly convex up to 0¥ C M X {0}. Under
these conditions, the following height estimate holds:

1

Ity Vx €%, (7.1

§(x) <

where k is the least principal curvature function of X.

Theorem 7.4. Assume n > 3, and let X be a complete connected elliptic Weingarten hypersurface of QF X R whose height
function has a local extreme point x € X. If the least principal curvature k, of X is bounded away from zero, then X is an
embedded rotational sphere.

Proof. As in Theorem 7.2, X fulfills the hypotheses of [7, Theorems 1 and 2], which implies that ¥ is properly embedded
and homeomorphic to either S” or R”. In the former case, the result follows from Theorem 7.2, so we can assume that >
is noncompact. Under this assumption, [7, Theorems 1 and 2] also give that the extreme point x (which we assume to be
a maximum) is unique, and that the height function £ of X is unbounded (below).

Given a horizontal hyperplane P, = QF x {t} with t < £(x), the part 2t+ of ¥ which lies above P, must be a vertical
graph with boundary in P;. If not, for some ¢’ between ¢ and £(x), P, would be orthogonal to X at one of its points. Then,
the boundary maximum principle would give that X is symmetric with respect to P/, which is impossible, since we are
assuming £ unbounded, and the closure of 2;7 in X is compact.
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It follows from the above that, for |¢| sufficiently large, one has

1 > 1
infz ko - infz;r ko ’

Ex)—t>

which clearly contradicts Lemma 7.3. This finishes the proof. |

Corollary 7.5. Any complete strictly convex CSC hypersurface of QF X R (n > 3) satisfying the hypotheses of Theorem 7.4 is
necessarily an embedded rotational sphere of constant sectional curvature K > .

Proof. Let X, C QF X R be a strictly convex hypersurface of CSC ¢ (and so an elliptic W .-hypersurface) which fulfills
the hypotheses of Theorem 7.4. Then, X is an embedded rotational W -sphere. Let 0 € X, be the point of least height
on X,. Clearly, @ = 1 at o. This, together with Equation (6.2) and the strict convexity of X, implies that ¢ > en(n — 1).
Also, since X, is rotational, in a neighborhood of o, % is a rotational W -(f, ¢)-graph. In particular, its ¢ function is the
solution of Equation (6.4), for « = — cot,, which satisfies ¢(0) = 0. Thus, in a neighborhood of 0, up to an ambient isometry,
%, coincides with the hypersurface X of CSC ¢ > en(n — 1) obtained in Theorem 6.3. Since X, and X are both elliptic,
they must coincide. In particular, ¥ = X, is compact, that is, ¢ > 0 and X, is a rotational sphere of constant curvature

K=c/(n(n—-1))>e. O

8 | CONSTANT SECTIONAL CURVATURE HYPERSURFACES OF Q7 x R

In this final section, we apply the methods and results developed in the previous ones to give new proofs of the main
theorems of [22]. There, for n > 3, the authors construct and classify the constant sectional curvature hypersurfaces of
Q! X R (e # 0). Their proofs rely on parameterizations of symmetric hypersurfaces of Q7 x R, as introduced in [10], as
well as on the main result of that paper. Our proofs, instead, are coordinate-free and more direct. Another distinction of
our approach is the simple way we show that constant sectional curvature hypersurfaces of QF x R with nonvanishing
T-field have the T-property. This fact, which is also proved and nicely used in [22], plays a fundamental role here, as we
shall see.

First, let us observe that, if ¥ := ¥; X R is a symmetric cylinder over a hypersurface X, of QZ, then X, is an open set
of a geodesic sphere, a horosphere or an equidistant hypersurface. Thus, from Gauss equation (6.1), we have that X has
constant sectional curvature if and only if X, is contained in a horosphere. If so, X is necessarily flat. We also point out
that, by the first equality in Equation (6.6), there is no flat parabolic (f§, $)-graph in Q7 X R.

Theorem 8.1. Given n > 3, let X be a connected symmetric hypersurface of QF X R with constant sectional curvature K.
Then, K > € and X is an open set of one of the following properly embedded hypersurfaces:

(i) One of the rotational hypersurfaces of constant sectional curvature K > € of Theorem 6.3.

(ii) One of the translational hypersurfaces of constant sectional curvature K € (—1,0) of Theorems 6.5-(i) and 6.6-(i).
(iii) A horizontal hyperplane of constant sectional curvature K = €.
(iv) A flat vertical cylinder over a horosphere.

Proof. Let us suppose that ©T never vanishes on X. In this case, X is given by a union of vertical graphs with no critical

points. Let =’ be one of these graphs. Then, since X is symmetric, up to a reflection over a horizontal hyperplane, X’ is an

(fs> $)-graph over a family F of parallel totally umbilical hypersurfaces of Q7 (recall that ¢ is supposed to be increasing).
As we have seen in Section 6, the ¢ function of X’ satisfies the ODE

age’ + (a? +€)g? =0, (8.D)

where a(s) is the principal curvature of f. Also, from the first equality in Equation (6.6), we have that K > € and that any
initial condition ¢y = ¢(sy) is determined by K and a(sy).

Since X is connected, it is either rotational or translational. Assuming the former, we have that X’ is rotational, so
that & = — coth, and the solution ¢ of Equation (8.1) is ¢(s) = C tan.(s) for some constant C > 0. However, since C is
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determined by K and a(s;), this solution must coincide with the one defined in Equation (6.14), that is,
o(s) = (K — ) tan,(s).

In particular, up to an ambient isometry, X’ is contained in the properly embedded CSC hypersurface of Theorem 6.3,
say X, that has constant sectional curvature K. (Note that X is built on an (f, $)-graph whose ¢-function is g(s) = (K —
€) tan.(s) = ¢(s).) Since X’ is arbitrary and X is connected, we have that X C 2.

If X is translational, it is either parabolic or hyperbolic. In any case, we can argue as in the preceding paragraph and
conclude that ¥ is contained in one of the translational hypersurfaces of Theorems 6.5-(i) and 6.6-(i).

Now, suppose that T vanishes on an open set @ of X. Thus, O is contained in a (totally geodesic) horizontal hyper-
plane. The Gauss equation then gives that (@, and so X, has constant sectional curvature K = €. This implies that > = O.
Otherwise, there would be a point in ¥ at which OT # 0. But, as we have seen, K > € at such a point.

Analogously, assume that © vanishes on an open set @ of 2. In this case, as we pointed out, O is a flat cylinder over
an open set of a horosphere of H". In particular, X is flat and parabolic. Since a parabolic (f, ¢)-graph cannot be flat, T
must vanish on ¥, which implies that ¥ = O.

Finally, let us suppose that neither T nor © vanishes on an open set of ¥. Under this assumption, the set © C ¥ on which
OT never vanishes is open and dense in X. However, from the first part of the proof, any connected component of © is
contained in a fixed hypersurface 3 (from one of the Theorems 6.3, 6.5-(i) or 6.6-(1)), which implies that the same is true
for 2. This concludes the proof. O

Given a hypersurface X of Q7 X R, let {X;,...,X,,} C TZ be an orthonormal frame of its principal directions. It follows
from Gauss equation (2.3) that

n
Ric(X;, X)) = D (RXk, X)X, Xyc) + HE ks — 8ik7 (82)
k=1

where k; , ..., k,, are the corresponding principal curvatures of X, and Ric denotes its Ricci tensor, which we define as
Ric(X,Y) :=trace(Z — R(Z,X)Y), X,Y € T=.

The following lemma, which has its own interest, gives a simple characterization of the hypersurfaces of Q7 x R having
the T-property. (Recall that a hypersurface ¥ C M X R is said to have the T-property if T is a principal direction at any of
its points.)

Lemma8.2. Givenn > 3, let X be a hypersurface of QF X R with nonvanishing T-field. Then, X has the T-property if and only
if its principal directions X , ..., X,, diagonalize its Ricci tensor. Consequently, if X is an Einstein hypersurface (in particular,
if X has constant sectional curvature), then it has the T-property.

Proof. Choosingi, j,k € {1,...,n} with i # j # k # i, it follows from Equation (2.4) that

<E(XkyXi)Xj’Xk) = _€<Xi’ T><XJ, T>

Combining this equality with Equation (8.2), we get

Ric(X;, X)) = Y (R(Xp, X)X, Xy) = —e(n — 2)(X; , THX;,T),
k=1

from which the result follows. |

Let us show now that, setting

0,1) if e= 1
I = '
(-1,0) if e=-1,
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for all K € I, there exists a nonsymmetric constant sectional curvature hypersurface Zx in @2 x R whose angle function
is constant, and whose sectional curvature is K (see also [22, Section 6]). For its construction, one has just to consider
a parallel family & of embeddings f, : My = Q2, s € (-3, ), such that f, is nonumbilical and flat with the induced
metric, that is, k?(p)kg(p) = —e for all p € M,,. Then, the classical formula for the principal curvatures of the parallel
hypersurfaces f gives that all f are, in fact, flat and nonumbilical, so that

ki(p)ky(p) = —¢ Vp € M, s € (—6,6).

Now, consider the (f, $)-graph Xy with constant ¢-function ¢ = 4/1 — €K. Then, Xx has constant angle ® = /1 — 2.
Besides, the principal curvatures of Xk are k; = —¢k{, k, = —¢k3, and k; = 0. Hence, from Gauss equation (6.1), Zx has
indeed constant sectional curvature K.

Definition 8.3. We shall call such a Zx C Q2 x R a flat-foliated graph.

Our next and final result, together with Theorem 8.1, provides a full classification of the constant sectional curvature
hypersurfaces of Q7 X R (n > 3).

Theorem 8.4. Let X be a connected hypersurface of QF X R with constant sectional curvature K. If n > 3, X is symmetric. If
n = 3, X is either symmetric or a nonsymmetric hypersurface which is locally a constant angle flat-foliated graph Y.

Proof. Proceeding as in the proof of Theorem 8.1, let us assume first that ©T is nowhere vanishing on X, in which case X
is a union of vertical graphs with no critical points.

Let X’ C X be a vertical graph. By Lemma 8.2, T is a principal direction of X’. Hence, [26, Theorem 1] (see also [9, The-
orem 6]) applies and gives that X’ is an (f, ¢)-graph over a family F of parallel hypersurfaces of QF. Thus, by combining
the identities (3.7) with Gauss equation (6.1), we conclude that the ¢ function of X’ satisfies

K = kl.s(p)kj(p)gz(s) +e (i#j=1,.,n—1).
(8.3)
K = -k} (p)e(s)¢'(s) + (1 —¢*(s)) (i=1,..,n—1).

If n > 3, it follows easily from the first of the equations in Equation (8.3) that k;(p) is independent of i and p. Hence,
each fy € F is totally umbilical, which implies that ' is symmetric. Therefore, X is symmetric, since ' C X is arbitrary.

Suppose now that n = 3. If f; € F is totally umbilical for any graph ' C X, as above, we have that X is symmetric. So,
assume that there is X’ C X such that f is nontotally umbilical, so that X, and so X, is nonsymmetric. In this case, the
¢ function of X’ is constant. Otherwise, from the second equation in Equation (8.3), f, would be totally umbilical. From
this same equation, we have that X’ has constant sectional curvature K = ¢(1 — ¢2) = €@?. So, from the first equality in
Equation (8.3), we have kl.s(p)kj(p) = —¢, which implies that each f is flat, that is, ¥’ is a constant angle flat-foliated
graph Xx.

The above reasoning shows that, in a neighborhood of a point at which OT # 0, X is either a symmetric (f, ¢)-graph
or a flat-foliated graph. In the former case, as we know, K > €. In the latter case, K = €02 + ¢. Therefore, we can argue
just as in the proof of Theorem 8.1 to show that X is contained in a horizontal hyperplane if T vanishes on an open set of
Z. Since neither parabolic (f, ¢)-graphs nor flat-foliated graphs are flat, we can also argue as in the proof of Theorem 8.1
to show that X is contained in a cylinder over a horosphere if © vanishes on an open set of X.

Finally, if neither T nor © vanishes in an open set X, the set @ C X of points, where ©T never vanishes is open and dense
in 2. Since the theorem is valid for any connected component of 9, it follows that it is valid for ¥ as well. O
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